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1. Introduction

The general theory of convex functions is the origin of powerful tools for the study of problems in
analysis. Convex functions are thoroughly associated to the theory of inequalities. Inequalities
involving convex functions are the most efficient tools in the development of several branches of
mathematics and has been given considerable attention in the literature (see [1, 2]) and references
therein). We start by giving some renowned definitions:

Definition 1.1. A function f : I C R — R is said convex if

fa+ (A -0)b)<tf(a)+(1—-1) f(b)
foralla,belandt e [0,1].

In [3] Toader defines the m—convexity:


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2020253

3907

Definition 1.2. A function f : [0,d] — Ry = [0, ) is said m—convex on [0, d] for some m € (0, 1], if
f(ta+m(1 —0)b) < tf(a) + m(1 —t)f(b), Ya,b e [0,d] andt € [0,1].

In [4] Mihesan introduced the following class of functions:

Definition 1.3. A function f : [0,d] — Ry = [0, o) is said (@, m) — convex on [0,d], (a,m) € (0, 1]?,
if

fGa+m(l —0b) <t"f(a) +m(l —t*)f(b), Va,bel0,d]andte]0,1].
Let K be the set of (a,m)— convex functions on [0, d] .

In [5] Park J. introduced the following class of (s, m)—convex functions in the second sense:
Definition 1.4. For some fixed s € (0,1] and m € [0,1] a mapping f : [0,d] — R is said (s, m)—
convex in the second sense on [0, d], if

fGa+m(l —1)b) <t°f(a) + m(1 — 1)’ f(b)
holds for all a,b € [0,d] and t € [0, 1].
In [6], Ozdemir et al. gave the following lemmas for twice differentiable functions.

Lemma 1.1. Let f : I C R — R be a twice differentiable mapping on I°( interior of I), a # b € I and
f" € Lla,b), then the following equality holds:

b 2 1
fl@+fb) 1 ff(x)dx:(b‘“) f;(l—t)f"(ra+(l—t)b)dt.
2 b-a a 2 0

Lemma 1.2. Let f : I € R — R be a twice differentiable mapping on I°, where a,b € I with a < mb
andm € (0,1]. If f”” € Lla, b], then the following equality holds:

f@+fmb)y 1 (™

2 mb—-a J,

2 1
- @f t( = 1) £ (ta+m(1 = 1) b)dr.
0

S dx (1.1)

In [7], M. Z. Sarikaya and N. Aktan obtained the following Trapezoid inequality for convex

functions
f(a)+ f(b) 1 ¢
> i fa f@dt

(b-a)
24

<

[|f” @l +1f" ®)|. (1.2)

In [8], I. Iscan gave a refinement of the Holder’s integral inequality as follows:

Theorem 1.1. ( Holder- Iscan integral inequality ) Let p > 1 and ¢' + p~' = 1. If f and g are real
functions defined on interval [a, b] and if ||’ and |g|? are integrable functions on [a, b], then

b 1 b 5 b i
[ rwswirs b_a(f (b—t)lf(t)l”dt) (f (b—r)|g<r)|qdr)

1 b 5 b ;
+b—(f (t—a)lf(t)l”dt) (f (r—a)|g(r>|4dt) .
—da a a
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An refinement of power-mean integral inequality as a different version of the Holder- Iscan integral
inequality can be given as follows:

Theorem 1.2. (Improved power-mean integral inequality [9]) Let g > 1. If f and g are real functions
defined on [a, b] and if |f|, |f]|g|? are integrable functions on [a, b], then

b 1 b -2/ b ;
f lf () g@ldt < m(f (b—t)|f(f)|df) (f b-0lf @l |g(f)|qdf)

1 3 ;
+m(f (t—a)lf(t)ldt) (f (t—a)lf(t)llg(t)lth).

There is a massive literature on Hermite — Hadamard type inequalities via different kind of
convexities. The most notable are m—convex, (a,m)—convex, s —convex and extended s— convex
(see [10-19]). Besides this, we mention recent results related to the Hermite—-Hadamard type
inequalities, for example, see [20-22] and the references therein. In the next section we consider the
most recent generalized convex functions and its properties which covers all the above as particular
cases.

2. Some properties of (o, s, m)—convex functions
Definition 2.1. [23] The function f : [0,d] — R is said to be (@, s, m) —convex, if we have
f(ta + m(1 = Hb) <t f(a) + m(1 — 1*)* f(b),

where a,b € [0,d], t € (0, 1) and for some s € [-1,1], (a,m) € (0, 1.
Here K)" is the set of (a, s, m) convex functions on [0,d].

Remark 2.1. (i) If s = 1, then f is an (@, m) - convex function on (0, d].
(ii) If « = 1, then f is an extended (s, m) - convex function on (0, d].
(iii) If « = m = 1, then [ is an extended s -convex function on (0, d].
(iv)If «a =s=m =1, then fis a convex function on (0, d].

Proposition 2.1. If a function f is (a,m) — convex for all s € [—1, 1], then it is also (@, s, m) — convex.
Proof. Since f € K]!, we have

fta+m(1 - 1)b) <t f(a) + m(1 — 1) f(b)

Yab e [0,d], t €[0,1] and (a,m) € (0, 1]2. On the other hand, we have t* < r** and 1 — ¢* <
(1 -1*)°%, for s € [-1, 1], thus

f(ta+ m(1 —t)b) < t*f(a) + m(1 —t*)f(b) < t* f(a) + m(1 — 1)’ f(b),
ie feK". m|
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Proposition 2.2. Let @ € (0,1] and s € [-1, 1], then
(i) when s € (-1, 1], we have

! 1 2 3
Mg (@, s) zf t(1-0(1-1t%'dt = —{B(—,s+ 1)—,8(—,s+ 1)},
0 a [0 (04

(ii) when s = —1 , we have fol (til__t(?)dt = é{\}’(é) _ \y(z)} ’

where T'(.), B(,.), Y(.) are the classical Euler-Gamma, Beta and Psi-Gamma functions,

respectively.

) 1
I'(x)= f 77 ledz, B(x,y) = f 271 -2 "dz (x>0, y>0),
0 0

dInT (x) f‘x’ 1
\P = = — X .
(x) P Nips e_ze dz

Proof. (i)
1
Mg (a, s) = f t1-01-1)°dt.
0
If we change the variable t* =z = ¢ = zo , we getdt = izi‘ldz. Hence
1 1
1 1
f z(1-2)° —zo7'dz f 7o (1-2)° =z 'dz
0 (44 0 a
1 : Z_q s 1 : 31 s
— 22 (1-20dz—— zo ' (1-2)0dz
@ Jo a Jo
1 2 3
—{,8(—,3+ 1)—ﬁ(—,s+ 1)},
a a a

which completes the proof of proposition (i) .

(i) When s = -1
1 1
1 -
ft(l—t)(l—t”)_ldtzf f( t)dt
0 o 1-1¢

Again using the change of variable t* =z = ¢ = zv , we have

Lt -9 e S R B (S B (S
dt = —zo dz = — dz
0 1 -1 0 l1-z «a a Jo 1-z
(- 1o 1 3
= —f udz——f ua’Z:— Y(-)+y
@ Jo I—Z a Jo I—Z a 04
1 2
= GG
a a a

where ¥ (x) + y = fol %dt and y = fooo (]%rt — e")% dt is Euler—Mascheroini constant (see
p-258 [24]). Which completes the proof of proposition (if) . O
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3. Hermite-Hadamard type integral inequalities for (a, s, m)-convex functions

Theorem 3.1. If f :[0,d] — R is (@, s, m) —convex, we have

mb
f(“+mb)< : FOdt < ——(F (@) +mf b)),

2 “mb-aJ, as+1

where a,b € [0,d], a < mb and for some s e [0,1], (a,m) € (0, 17%.

Proof. The left-hand side of (3.1) is easy to prove:

mb "*2’"'7 mb
1 f@di ! ( f F(o)dr+ f £ dt)
mb—-a J, mb—-alJ, atmp

2 2 2

S f(a +2mb).

_ lj:[f(a+mb—t(mb—a))+f(a+mb+t(mb—a)

The proof of the right-hand side (3.1).
By the (@, s, m) —convexity of f we observe that

f(ta+m(1 —0)b) <t f(a) + m(1 —t*)° f(b), Yte][0,1].

Integrating the resulting inequality with respect to ¢, we get

1 1
f f(ta+ m(1 — t)b)dt < f [t f(a@) + m(1 — %)’ f(D)] dt
0 0

as
1 mb
mb—a

1
f f(ta+m(1 —1)b)dt = f@dt
0

a

and

1 1 1
f [1%° f(a) + m(1 — 1) f(b)] dt f ™ fa)dt + f m(1l —t*)* f(b)dt
0 0 0

IA

1 1
f 1 f(a)dt + mf(b)f (1 —*dt
0 0
1
= ot 1 (f (@ +mf (b)),

which proved the theorem as we used the fact

1 1
1
1 —-1%%dt < 1 -0%dr = :
fo( ) _fo( as+1

(3.1)

O
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Remark 3.1. Ifwe take « = m = s = 1. The function f becomes (1,1, 1) —convex. Hence the inequality
(3.1) reduces to the Hermite- Hadamard inequality :

b
f(“;b) < ﬁf FQdx <3 @+ fB).

Theorem 3.2. Let f: 1 C (0,d] — R be a differentiable function on I°(I° is interior of I ) for a,b € I°
such that f"” € Lla,b] with 0 < a < mb. If|f"| is an (a, s, m) —convex function on [a, b], then the
following inequality holds:

f(a) + f(mb) 1 " (mb = a)’ | (@) + m|f” (b)l
2 _mb—afa f(x)dx‘s 2 (@s+D@s+3) G-

where (a,m) € (0,1], s € (0, 1].

Proof. From Lemma 1.2 and using the (a, s, m) —convexity of |f”’|, we have

f@+fmb)y 1 (™

5 o —a ). f(x)dx
< M]{jt(l_t)[f”|f”(a)|+m(1—t“)s|f”(b)|]dt

M [If” (@) fo =y di+ ml ) fo -0 f“)sd’]
< M[V”wfol f““(l-t)dt+m|f"<b>|f01t<1—f><1—f>‘”d’]

(mb —a)’ |f" (@)l + m|f” (b)]
2 (as+2)(as+3) "’
where we used the facts that, since t* >t forall @ € (0, 1] and ¢ € [0, 1], we have —t* < —tor 1 —t* <
I-t,1-t*<(1-nH%nd (1 -1*)° <1 -0",s€(0,1]. If we multiply the resulting inequality with
t (1 —¢) and taking integral on [0, 1], we have

1
(as+2)(as+3)

1 1
ft(l—t)(l—t“)sdtﬁf t(1-01-0%dt =
0 0

and

1
as+1 _ _ 1
fo ed t)dt_(as+2)(as+3)'

O

Corollary 3.1. From Remark 2.1 (iv), since f{.) is a convex function on [a,b] form = a = s = 1, we
obtain the inequality (1.2).

Corollary 3.2. Under the same conditions in Theorem 3.2 with |f” (x)| < M for all x € [a, b], we have

(mb — a)* (m+1)

<M X .
2 (as+2)(as+3)

f(x)dx

f@+fmb) 1"
2 mb—a

a

AIMS Mathematics Volume 5, Issue 4, 3906-3921.



3912

The following Theorem presents a upper bound for (@, s, m)-convex functions.

Theorem 3.3. Let f : I C (0,d] — R be a differentiable function on I°(I° is interior of I ) for
a,bel°, f” €lLla,b], (a,m) € (0, 17,5 € (-=1,1] with0 < a < mb. IfIf"|" is an (@, s, m) —convex
function on [a, b] for g > 1, then the following inequality holds:

b
ICES I

_(b-ay =
<0 (6) «

where Mg (a, s) is given in Proposition 2.2(i).

(3.3)

lf” (@)
(as+2)(as +3)

+mMp (a, )

1
77 b ! 6
Gl
m
Proof. First, we assume that g = 1. From Lemma 1.1 and using the («, s, m) —convexity with properties
of modulus we have
(b _ a)Z fl
< t(1—t¢
> ; (1-0

f £ 1®) f £ dx
2 1
PG f,(1—t)(t"‘“|f”(a)|+m(1—t")"' f”(é)')dt
0 m

" (@) ok
(as+2)(as+3) mll|’
which completes the proof for q = 1. Here we also used the Proposition 2.2 (i).
Secondly, suppose now that g > 1. From Lemma 1.1 and using the Holder’s integral inequality for
q > 1 with properties of modulus, we have

INGG
< [fol (t—tz)dt]l_q [fol (r-7)

where p~l + ¢! = 1.
Since |f”’|? is (a, s, m)—convex on [a, b], we know that for every ¢ € [0, 1].

f” (ta+m(1 -1 2) dt
m

_(b-a

> +mMg (a, )

dt

dt = fol (t - tz)l_é (t - tz)a

q
”(ta+m(1 —1) n%)

" (ta+m(1 ) %)

”(ta+m(1 _t)n%)

dt]q , (3.4)

4

< s |f//(a)|q + m(l _ ta/)s

b q
f(ta+m(1 - I)Z) (3.5)

From (3.4), (3.5) and Proposition 2.2 (i)

f(a)+f(b) f F () dx

< ¢ _za) [fo (t—tz)dt]l_ U: (r-7) th];

AIMS Mathematics Volume 5, Issue 4, 3906-3921.
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(b —Cl)2 1 1_5 1 el |f//(a)|q 5
< SO [yl | [e-A) A o Jar
_ 6P (T @l e
- 2 (6) @s+Das+3) @G ] ’
which completes the inequality (3.3). O

Corollary 3.3. Under the same conditions in Theorem 3.3 with |f” (x)] < M and m = 1 for all

x € [a, b], we have

fla)+f) 1 b
' > —b_aﬁf(x)dx

1

(b—a)* (1\'7s
=M (6)

(as+2)(as+3) My (@, s)] '

Theorem 3.4. When s = —1, under the same conditions of Theorem 3.3, we obtain the following result
f@+fb) 1 fbf( v < @@ (1) 46
2 b—al) 'V =T2 6 ‘
@) D\' L fo(3) w2\
— "I— —s¥Y|-]|-Y[- .
X[(Z—Q)G—a) m\f ml| a « «

Proof. Using the («, s, m) —convexity of |f”’|? and Proposition 2.2(ii) with the properties of modulus,
we have

‘ f@+fb) f F 0 dx
- y | NIRRT
2| Fiaf | eaeremaer 2
(b_a)Z (1 1_5 _fl 2 (_ 7, q -1 7/ q) :|‘11
) 1 Y- 1 — )4
G ,o(f 21 @I+ m(1 =) t
_ (b - a)2 1 l_é [ ) ! 1-a 2-a " b q | - tz é
- (6 7|f (a)|q£ (; —t )dt+m|f (E) j; 1_tadt]
G- (1)@ O L 2)w2))]
-3 (5) atmaza el dr G G

which completes the inequality (3.6). O

Corollary 3.4. Under the same conditions in Theorem 3.4 with |f” (x)] < M and m = 1 for all

x € a, b], we have
f@+fm 1 b—a) (1) 1 1 (. (3 L
- dx| <M ) x| — 22 w2
b—afa flodx < 2 (6) [(2—a)(3—a) a{ (a) (a)}]
AIMS Mathematics Volume 5, Issue 4, 3906-3921.
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Theorem 3.5. Let f : 1 C (0,d] — R be a twice differentiable function on I° for a,b € I° such that
f” € Lla,b], (a,m) € (0,11%, s € (=1, 11 with 0 < a < mb. If|f"|? is an (a, s, m) —convex function on

la,b] for g > 1 and g > r > 0, then the following inequality holds:

f@+fb) 1 b-aP( (2g-r—1 2g—1\\"
‘ 2 _b—afaf(x)dxs 2 (ﬂ( q-1 ’q—l))

[e{e)

q

7" q b
| @ my, b

as+r+1

Proof. Using the Lemma 1.1, Holder’s inequality and («, s, m) —convexity of [f”|? we have

2 1 -5
Tt/ ff()d‘ < L9 U (tﬂ(l—t)afl)dr]
2 0

: b
f l,r (l_lls |f//(a)|q + m(l _ l_(l)s f/l (_)
0 m

C-a [ (2q-r—1 2g-1\]""
2 g-1 ~g-1

X

1
X |fl/(a)|qf tas+rdt +m 'f/l
0

After simplifying we get inequality (3.7).

q q
Jo
q Pl 7
(2 f (1 - t“)sdt] .
m 0

1

(3.7

O

An immediate consequences of Theorem 3.5 by considering special cases for (r = 0) and (m = 1)

can be given as:

Corollary 3.5. Under the assumptions of Theorem 3.5, the following inequality holds

‘f(a);rf(b) ff( v < €= a) (B(2q—11 2q—1))
— q 1
77 q %
% |f (a)|q+ﬂ f//(é) (ﬁ(l,S-Fl))
as+1 a m @

Corollary 3.6. Under the assumptions of Theorem 3.5, the following inequality holds

f@+fb)y 1 [ (b-a’ |, (2q—1 2g—-1)\""
OO [ < OS2 b )

7/ q 1 7
L0 L oL

as+1

(3.8)

(3.9)
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Corollary 3.7. Under the same conditions in Theorem 3.5 with |f” (x)] < M and m = 1, for all

x € [a, b], we have

f@+f®) 1 ’
‘ 7 —b_aLf(x)dx

r+1 a
—ﬁ( s+1)

as+r+1 a

Theorem 3.6. Let [ : 1 C (0,d] — R be a twice differentiable function on I° such that f” € Lla,b]
fora,b e l°, (a,m) € (0, 117, s € (=1,1] with0 < a < mb. If1f"|? is an (a, s, m) —convex function on
la,b] for g > 1, g = r > 0, then the following inequality holds:

29—r—1 2g—1\]""¢
gl = (3.10)
qg-1 qg-1

(b - a)® 2g-r—-1 2¢g—-1 1=
=M F( q-1 ’q—lﬂ

< K

fla@) + f(b) 1 ’
> _b—aLf(t)dt

|ﬂwW+Tﬂ(+l
o o

as+r+1

(b—a)*

where K = 5

Proof. By using Lemma 1.1 and Holder’s inequality with (a, s, m) —convexity of |f”|?, we have

.f(a)4-f(b) b[‘,f(t)dt

0 0 +m (1 —1%)° "(ﬁ)'

sl 1-1 7 q U tas é
[ amaa [ e geea
| Jo el (L) -y ar

2g—-r—1 2q—1)]1_q

IA

IA

F7 @ [ resds
@ -y ar

g-1 "~ ¢g-1 +m

- &{s

Here we used the fact that

b g 20—r—1 2g-1
ftwa—nwm:B(q - )
0 g-1 qg-1

and with a formal change of variables * = z

1 1
I 1 (r+1
”[fU—ﬂfw:—j1@U—@%k:—B( ,s+q.
0 a Jo a a

If we write the above integrals places we obtain the inequality (3.10). O
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Theorem 3.7. Let f : 1 C (0,d] — R be a twice differentiable function on I° such that f” € Lla,b]
fora,b e I°, (a,m) € (0,1]%,5 € [0,1] withO < a < mb. Also let p > 1 such that q = [%, ifIf”|%is an
(a, s,m) — convex on [a, b], then the following inequality holds:

a) + f(mb 1 mb
f(a) + f(mb) — f (@) dt (3.11)
2 mb—a J,
( 3p )% ( @l mlf”(b)l")é
2(p+1)(p+2)2p+1) (as+1)(as+2) (as+2)
< 1’ 1 -
= @ el e N
+( P )’ +
2(p+1)(p+2) (as+2) (as+1)(as+2)
2
where G = —(mb; Ly

Proof. Using Lemma 1.2 and Holder- Iscan integral inequality along with (e, s, m) —convexity of | f|4,

we have
1
2
SGfo (t t)

7 (ta+m(l —1)b) dt'th);

f@+fmb) 1™
2 mb—-a J,

(fol(l —t)|t—t2|”dt)'l’ (lfol(l ~ 1) 1
w (o ele= el ar) (dr s ma byl ar)

f (@) dt

£ (ta+m(l =) b)dt‘ dt

Using the fact that |m —n|° < m®—n° forc > 1 and form ,n > 0; m > n. The right-hand side of
above inequality becomes

1

(B a=n(r=rryar) (§ a=-nte1r @+ mle @1 a-o=d)
# (e = r)ar) @ 1 @+l @ Q= 07 dn

Simplifying above integrals, we obtain the result of the Theorem 3.7. O

Corollary 3.8. Under the same conditions in Theorem 3.7 with |f” (x)| < M for all x € [a, b], we have

mb
an;mm_ 1 £ dx

mb—-a J,

21—

( 3p )% ( 1 4 —m )é
< G M- 2([7+1)(p+2)(2p+1)l (as+1)(as+2) (as+2)

p P 1 m
+ (2(p+1)(p+2)) (((zs+2) + ((1s+1)((zs+2))

Theorem 3.8. Let [ : 1 C (0,d] — R be a twice differentiable function on I° such that f” € Lla,b]
fora,b € I°, (a,m) € (0, 11,5 € [0,1] withQ < a < mb. If1f”| is an (a, s, m) —convex on [a, b] for
q > 1, then the following inequality holds:

1

G 12 a
= E((as+3)(as+4)) (3.12)

f@+fmby 1"
a

2 mb — f@wadi

a

AIMS Mathematics Volume 5, Issue 4, 3906-3921.
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2|7 @' N T Ak
x{[ 5 | (b)lq) (If @[+ ——— J :

Proof. Using Lemma 1.2 and improved power mean integral inequality with («a, s, m) —convexity of
[f”|7, we have

(mb—a)?

where G = 5

fdz

f@+fmb) 1
mb—a

1 1
(ha=-nl-7] dt)l (K a=nle=2l [ Garma - oo )
1 1
+ (fol t|e -2 dt)1 ! (fol tle=2] |f ta+m@ - t)b)|th)q
By employing (e, s, m) —convexity and simplifying, we have

1

(fol(l—t)|t—t2|dt)l !

Q=

< G- x[fo‘ A=nt=2 (e |f" @]+ ml|f” @) (1 —t")sdt)] (3.13)
1-1 1
w ([ tle= el de) | ele= 2 @1 @b i o - e
It can be noticed that
1 1
1
fo(l—t)|t—r2| dt:j;t|t—t2| di = (3.14)
and
: as 2 _ 2
fot O e P R Ty G-15)
and
1 1
f(l—t)|t—t2| (1-1)dt < f|t—t2| (1 -0+ dt (3.16)
0 01 ) |
- fot(l_t) U= s D@+ D
: 2 : +2 1
f0r|z—r|r dt = j;(l—t)t L P Yy (3.17)

IA

1 1
ft|t—t2| (1 -1’ dt ft|t—t2| (1-D™dt
0 0
1
2
= £ (1-0""dt =
j(: ( ) (as+2)(as+3)(as+4)

Replacing the values of the integrals computed in (3.14), (3.15), (3.16) and (3.17) in (3.13), we get
(3.12). O
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Corollary 3.9. Under the same conditions in Theorem 3.8 with | f (x)| < M for all x € [a, b], we have

|f(a)+f(mb) B
2

1 mb
mb—aL fx)dx
(mb — a)* 12 il 2 i om \i
< M- +m| +[1+

24 (as+3)(as+4) as + 2 as+2

4. Application to special means

Now we let us consider some special means for arbitrary positive real numbers ¢ and d.

T he arithmetic mean
A(c,d)z%’, c,d e Rwithe,d > 0.
T he geometric mean
G(c,d)=(c-d)?, c,deRwithe,d>O0.
T he harmonic mean

H(c,d) = 24, c,d € R \{0}.
T he logarithmic mean
c, if c=d
L(c,d) = e .
(C ) { lnj—;nc’ lf c* d.

The Generalized logarithmric mean
c, if c=d,

Ln (C, d) = n+l _ o+l I/n .
{(flmT) ; if c#d, neZ\{-1,0};¢,d > 0.
The Identric mean

J c, if c=d
I(c,d) = 1
(.d) HL)™.,  if c#d:cd>0.

c¢

Proposition 4.1. Let a,b € R, a<b , a,b> 0, then we have the following inequality holds
‘A (e“, eb) - L(e", eb)‘
|

< (b-ay (1)1_; ,
6

-

|e“|”

(as+2)(as+3)

+mMjg (@, 5) en

2

Proof. This assertion follows from Theorem 3.3 for f (x) = ¢* and x € R.

Proposition 4.2. Let a,b e R, a<b, a,b>0, then we have the following inequality

'A (na”, np™") +1In (I)‘
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1

_ 2 1-1 L q 2q q
S(b a (1 q#.,_ﬂ'ﬂ lpi_\yz )
2 6 R-a)B-a) alb a a
Proof. This assertion follows from Theorem 3.4 for f (x) = —/nx and x > 0. |

Proposition 4.3. Let a,b € R, a<b and 0 ¢ [a,b], then the following inequality holds

1

—a)? K
|H" (a,b) = L™ (a,b)| < b-a) (1)

2 6
1
2104 3|4 4
3 2m’ " 1 3 2
X|———+m |—| —¥P|[=]-P|- .
C-0G-a |V a{ (a) (a)}]
Proof. This assertion follows from Theorem 3.4 for f (x) = }C ; X € [a,b]. O

Proposition 4.4. Let a,b € R, a<b and 0 ¢ [a,b], then the following inequality holds
_1
| @,0) — L (a,b)| < 2 (B (22, 2))

q-1 7’ ¢-1

“ q

3

i +m 2ﬁqB(r+1 s+1)

as+r+l a | b a’

X

Proof. This assertion follows from Theorem 3.5 for f (x) = )lc ; x € la, b]. O

5. Conclusions

In many practical studies, it is necessary to evaluate the difference between the two quantities. From
the point of view of programming an algorithm for solving optimization problems, classical inequalities
with the smallest upper limit play an important role.

We have proved several new generalized integral inequalities involving (a, s, m) —convex functions
for extended case of s where s € [-1, 1], we obtained Hermite-Hadamrad type inequalities. The
most interesting case is extended case for s = —1, when we get connected to Psi-Gamma functions.
We analyze new upper bounds involving special functions by employing different variants of Holder
inequality such as Holder-Iscan inequality and Improved Power mean inequality.
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