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Abstract

We introduce a certain subclass of harmonic multivalent functions defined by using a
Ruscheweyh derivative operator. We obtain coefficient conditions, distortion bounds,
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1 Introduction
A continuous function f = u+ivisa complex-valued harmonic function ina domain D C C
if both u and v are real harmonic in D. In any simply connected domain D, we can write
f =h+g, where i1 and g are analytic in D. We call / the analytic part and g the co-analytic
part of f. The harmonic function f = 4 + g is sense preserving and locally one-to-one in D
if |/ (2)| > |g’(2)| in D. See Clunie and Sheil-Small [1].

For p > 1, n € N, denote by SH(n, p) the class of functions f = & + g that are sense pre-
serving, harmonic multivalent in the unit disk U = {z: |z| < 1}, where /& and g are defined
by

ha)=2+ ) ad, g@)= Y b |bl<l, (1)

k=n+p k=n+p-1

which are analytic and multivalent functions in U.
Also, denote by SH(n, p) the subclass of SH(n, p) consisting of harmonic functions f =
h + g, where & and g are of the form

h(z) =2 - Z arZ’, g(z) =- Z bZ5,  ag, by > 0. (2)
k=n+p k=n+p-1

Note that SH(n, p) reduces to S(u,p), the class of analytic multivalent functions with
negative coefficients, if the co-analytic part of f = & + g is identically zero.
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We define an extended linear derivative operator of a Ruscheweyh-type harmonic func-
tion f = i + ¢ in SH(n, p) by

D"Pf(z) = D"Ph(z) + D*Pg(z), 3)

where D is the Ruscheweyh derivative [2] of power series ¢(z) = 2” + Z/ﬁp " #i2¥, given by

Zp
D'P¢(z) = A_zwr * ¢(2)
=2+ i <k+u_1>¢kzk
k=p+1 k_p

=2+ Z M(bkzk (1> -p).

S k=pIT(p + 1)

The operator * stands for the Hadamard product or convolution of two power series

o0 [o¢]

o(z)=2"+ Z & and W(z) =2+ Z W,z
k=n+p k=n+p
defined by
[o¢]
(¢*W)(2) =(2) x W(@) =2+ Y g Wi
k=n+p

Raina and Srivastava [3] introduced this extended Ruscheweyh operator for the class
S(n,1).
Next, we define the ordinary differential operator (D*?f(z))? to be

(D/l.,pf(z))(q) — (pr,ph(z))(q) + (Du"pg(Z))(q), (4)
where
, @ _ P . o~ Dk+p) k! )
(D"?h(2)) " = v _q)!z” 74 k;p —oTo 0 & _q)!akzk 7 and
@ o Ik + ) ki )
(D"7g(2)) = kz%p:_l F e G—gi? " p>apeNgeNo=NUo}.

Let SH/(n,p, A, a) denote the subclass of SH(n,p) consisting of functions f = 4 + g €
SH(n, p) that satisfy the condition

)»Z(Dlhpf(z))(qd) +(1- )L)Z(D“”’pf(z))(q*l) . )
{ A(DHPf(2))@ + (1 — A)(DM1pf (2))@ } >alp-q
(0<2=<L0<a<lLp>qpeN,geNg=NU{0},u>-p,neNzel). (5)

Define WZ(n,p, L) := SH(n,p, A, a) N SH(n, p).
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Taking the co-analytic part of f = /1 + g identically zero and specializing the parameters,
we obtain the following subclasses:
(i) SHg(n, LA, 1-a) DK, (n A a) (Irmak et al. [4]),
(i) SHJi(np,,(1-a)(p - q)) D Ti(n p,Aa) (Ashwah [5)),
(iii) SHg(n, 1,L,1-aly]) D Su(y,u, ) (y € C\ {0}) (Murugusundaramoorthy and
Srivastava [6]).

We will use the notations

/1

Q,q) := G _'q)!, iel{pk},
_ I'(k+ w)
Pl = (k-p)T(p+p)

Following Goodman [7] and Ruscheweyh [8] (see also [9-11] and [12]), for § > 0, we
define the set of the §-neighborhood of f = & + g € SH(n, p),

o0 o0
Nﬁ_p(f(q);s(q)) =1seSH(n,p):s(z) = 2" - Z Ayt - Z BiZ,
k=n+p k=n+p-1

> kQuk,q)(lax — Axl + |bx — Bi)

k=n+p

+(m+p-1)Qn+p-19|bpp-1—Buip-l 55}- (6)
In particular, for the function e(z) = z#, we immediately have

o0 o0
Nﬁvp(e(q);s(q)) =1seSH(n,p):s(z) = 2" — Z Ayt - Z BiZ,
k=n+p k=n+p-1

Y kQk, @) (Ax+By) + (n+p = 1)Qn+p—1,g)B,p1 < 8}. (7)
k=n+p

Ruscheweyh-type harmonic univalent functions have been studied by several authors
such as [13, 14] and [15]. The object of the present paper is to investigate the various prop-
erties of multivalent harmonic functions belonging to the subclass Wz(n, p> A ). This
class is motivated by two earlier investigations [5] and [3]. We extend the results of [5]
which include harmonic multivalent functions. Necessary and sufficient coefficient con-
ditions, distortion bounds, extreme points and convex combination of the above men-
tioned class are derived. Also, inclusion relationships involving the (7, §) neighborhoods

of multivalent harmonic functions belonging to this subclass are established.

2 Main results
Denote by SH*(n, p) the class of functions f = &1 + g of the form (1) which are sense pre-
serving and multivalent harmonic starlike, satisfying the condition ;’—g(arg f(re?)) > 0, for

eachz=re?,0<6<2m,and0<r<1.
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Lemma 2.1 Let f = h + g be of the form (1). If

> Klal+ Y kbl <p (p=1neN) (8)

k=n+p k=n+p-1
then f € SH*(n, p).

Remark Lemma 2.1 follows immediately from the result due to Ahuja [16] upon setting

p and k instead of m and n + m — 1, respectively.

Theorem 2.2 Let f = h + g be given by (1). Furthermore, let

- Crlk,pn) Uk q)
k§;2M+u—xw—pﬂM—q—a@—wLyX@+H)Q@ﬁﬂw|
+ Z [k+,u—)\(k—p)][(k—q—ot(p—q)+1)+‘k—q—a(p—q)—l!]
k=n+p-1

X( @«u)@%@)“<l
Ux () Qpg)

(0=A<1,0<a<lp>qpeN,geNy=NU{0},neN,zeU) 9)
then f is sense preserving, harmonic multivalent in U, and f € SH}(n, p, A, «t), where

V=[(A-a)p-q) +1) - |1-a)p-q)-1|]

Proof If the inequality (9) holds for the coefficients of f = & + g, then by (8), f is sense
preserving, harmonic multivalent and starlike in U. In view of (5), we need to prove that
Re{w} > 0, where

w = (Az(D*?f(2)) " + (1= 0)2(D**f(2) " — a(p - @) [M(D*?f (2))?

+ (L= (D"f(2)) ) /(M (D (@)D + (1 - 1) (DPF () )
- 4@
50

Using the fact that Rew > 0 < |1 + w| > |1 — w|, it suffices to show that
|A(2) + B(2)| - |A(2) - B(z)| > 0.
Therefore we obtain

|A(2) + B(2)| - |A(2) - B(2)|
> [Qp,q) x ¥]jzf

CP(k, 1)S2(k, q)
(+ 1)

k—
|al|z?

=Y 2k p-wk-p[k-g-alp - q)]

k=n+p
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oo

- > <[k+u—k(k—p)][(k—q—a(p—q)+1)+ k—q-ap-q) -1|]

k=n+p-1
y CP(k, p)2(k, q)
®+w)

> [Q(p,q) X \IJ]|z|p_q

{ > CPlk, ) Qkq)
X

|bk||z|k-‘f)

- k+p—rtk=p)|[k-q-ap-
1 k§p2[ rumrepllema-et q)]‘l’x(wu)ﬂ(p,q)'ak'

- Z <[k+,u—)»(k—p)][(k—q—a(p—q)+1)+ k—g-alp-q) -1]]

k=n+p-1

8 U x (p+u) Qp,q)

>0.

k) Qk,q) | bk|)}

This last expression is non-negative by (9), and so the proof is complete.

Corollary 2.3 For (1-a)(p—q) <1 and n > 2, if the inequality

- C(k, 1) Q(k, q)
k+u—-rtk=p)llk-—q-ap-
k;p[ +n-rk-p)][k-q-ap-q)] Y L
= CP(k, ) 2k, q)
k+pu—rk=p)[k-q-al- b
+k:§—l[ e rkeplkg-olp-g) +w Q(P#])' i
<1l-a)p-9)

(O§A§1,0§a<1,p>q,peN,quo=NU{O})

holds, then f is sense preserving, harmonic multivalent in U, and f € SH (n, p, », ).

Corollary 2.4 For (1 -a)(p —q) =1, if the inequality

= CP(k, u) Q(k, q)
Y [k+n-nk-p)][k-q-alp-
k=n+p[ rumkepllk-a-a-o) P+ Q(Pﬂ)'ak'
= CP(k, ) Q(k, q)
Y [k+u-rk-p)k-q-ep-
+k:n+p—1[ Fpu=rlk=plllk-q-olp-a)] (p+n) Q(P:Q)| 4
<1

(Ofk51,0§a<1,p>q,peN,quo=NU{O})

holds, then f is sense preserving, harmonic multivalent in U, and f € SH}(n,p, A, ).

Theorem 2.5 Letf = h + g be given by (2). Then
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(i) forl-a)p—q)<landn=>2,f € S_HZ(n,p,)L,a) if and only if

- CP(k, ) (k. q)
ktp—-ak-p)[k-q-ap-
kgi[+u Hk-pllk-a-ete m]@+u)9@ﬂﬂ

Cr(k, n) Q(k, q)
p+un) Qp,q)

k

+ Y [k+u-rk-plk-q-alp-q)]
k=n+p-1
=(1-a)p-9), (10)
(ii) forA-a)p—q)>=1,f € EZ(n,p,)\,a) ifand only if

CP(k, ) Qk, q) g

Z k+p¢ Ak — p)][k q—alp- )]

k=n+p (p + H’) Q(p, 61)
C CP(k, ) Qk,q)
+ kznzw_l[k +u-rk-p)|[k-g-alp-q)] T <1 (11)

Proof The ‘if’ part follows from Theorem 2.2, Corollary 2.3 and Corollary 2.4 upon noting
that WZ(n,p, L&) C SH} (n,p, A, ). For the ‘only if’ part, we show that f ¢ EZ(n,p, A Q)
if the condition (11) does not hold.

Note that a necessary and sufficient condition for f = & + g given by (2) to be in
EZ(}’I, P, ) is that the condition (5) to be satisfied. This is equivalent to

Ik{(ﬂ—axp—q%-}:[k+u—kw—pﬂM—q—a@—qﬂ
k=n+p

CP(k, i) Q(k, q)a

w+n) Qg "

k-p

oo

CP(k, 1) Q(k, q)
_ k+pw=ak-p|lk-q-ap- .
k:%_l[ +u—ik=p)|lk-q-ap-q)] P+ Qp,q) 2 )
00 CPlk,p) Qk,q) 4
= > [k pu=-nk- ’
/(1 k;p[ + 1=k =p)] w+m Qg™
- k+ =k~ bz
kj;_l[ + = A( P)] (p+l/«) Q(p q) z )]

> 0.

The above condition must hold for all values of z, |z| = r < 1. Upon choosing the values
of z on the positive real axis where 0 < z = r <1, we must have

- CP(k, ) Quk,q) 4 _
<O—M@—q%}%iM+u—A%—pHM—q—a@—m]@+M)Q@ﬂﬂﬂ v

o]

= Y [k+n-rk-plk-q-ap-q)]

k=n+p-1

CP(k, ) QK q) ;-
b
v+ QApa) )
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oo /4 . /,
(- S-St

k=n+p
= Cr(k, i) Qk,q),
- k+ -k - 2By, Ko
g;;} P S )
> 0. (12)

If the condition (11) does not hold, then the numerator of (12) is negative for r sufficiently
close to 1 because of conditions (i) or (ii). Thus there exists a zy = ¢ in (0, 1), for which the
quotient in (12) is negative. This contradicts the required condition for f € EZ(M, DA a)
and so the proof is complete. O

Next we determine the distortion bounds for the functions in S_HZ(n, DA Q).

Theorem 2.6 Letf € S_HZ(n,p, M ). Then for |z| = r <1, we have
(i) forA-a)p—q)<landn=>2,

1-a)p-q)
@] = @+ bupr)r? + ([n(l—k) +p+pulln+Q-)p-q)
(p+u) Qp,q)
CP(n+p,pu) Qn+p,q)
(mA-A)+p+pu+r-1]n-1+1-a)p-q)]
- +p+ulln+ 1-a)(p-q)]

« ﬂ(l’l +p - 61) rn+p
(nip+pu-Dm+p) "

and

1-a)p-q)
V(Z)| > (1 -bpp-)r’ - ([n(l—)\) +p+ulln+(1-a)p-q)
p+u)  Qpq)
Cr(n+p,u) Qn+p,q)
A= +p+pu+r-1]n-1+1-a)(p-q)]
A=W +p+ulln+A-a)(p-q)]

nnip-q) e
n+p+p-n+p) ")

(ii) for 1-e)(p-q) =1,

1
f] = Wt bl + ([n(l “N+p+ i+ (-a)p-9)
p+n)  Qpag
Cr’(n+p,u) Qn+p,q)
mA-)+p+pu+r-1]n-1+1-a)p-9q)]
- +p+ullntQ-a)p-q)]

nnip-q) ey
n+p+p-1)m+p) "
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and

1
lf(Z)| = (l—bnw—l)rp - ([n(l—)n) +p+ulln+(1-a)p-q)
et Qpg)
CP(n+p, ) Qn +p,q)
(mA-A)+p+p+ri-1]n-1+1-a)p-qg)]
- MA-2)+p+pulln+1-a)p-9)]

nin+p-q) e
(n+p+p-Dn+p) ")

Proof (i) We only prove the right-hand inequality. The proof for the left-hand inequality
is similar and will be omitted. Let f € S_HZ(n, P>, «). Taking the absolute value of f, we

have

@] < Wt bupd” + 3 ax+ b

k=n+p

o]

<@ +bup)? + Z (ax + b)r"™*

k=n+p

1 p+w)  Qpq
(A=A +p+plln+(1-a)p-q] CP(n+p,u) Qn+p,q)

=(1+ bn+p—1)rp +

x Y [nA=n+p+u][n+1-a)p-9)]

k=n+p
CP(n+p,u) Qn+p,q) .
wrw) Qg “T
1 (p+w) Qp,q)

= At b v Al A=) (=) TPt py 1) R+ )

CP(k, ) Q(k,q)
(p+u) Qp,q)

(ax + bi)r™?.

x 3 [k+u=alk-p)]lk-q-alp-q)]

k=n+p
Using Theorem 2.5(i), we obtain

1-a)p-q)
[f@)] < @+ bup-)r” + <[n(1—k)+p+,tL][n+(1—Ot)(P—q)]
p+un)  Qpq)
CP(n+p,pu) Qn+p,q)
(m1-2)+p+pu+r-1n-1+1-a)(p-q)]
A=A +p+ulln+(1-a)p-q)]

« ”(”"'P—Q) b rn+p
(n+p+pu-Dn+p) ")

The proof of the other case is similar and so is omitted. d

The following covering result follows from the left-hand inequality in Theorem 2.6.
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Corollary 2.7 Let f of the form (2) be so that f € S_HZ(n,p, A a). Then
(i) for-a)p—-q)<landn=>2,

[1_ (I-a)p-q) (p+ 1) Qp,q)
(A=) +p+pulln+(1-a)p-q] CP(n+p,u) Qn+p,q)

—([n-)+p+p][n+QA-a)p-q)|(n+p+pn-1)(n+p)

{w:|w|<

—[n(l—)»)+p+pc+k—1][n—1+(l—a)(p—q)])
x ([n@=2)+p+p][n+ (l—oz)(p—q)])_1

n(n+p-q)
(Vl +p+ w —1)(1’1 +p) bn+p1:|} Cf(u),

(ii) for 1-e)(p-q) =1,

1 (p+w) Q(p,q)

{W’ )< [l‘ -2 1 p+ mln s A-a)p -] it p,) U+ p )

—([nQ=2) +p+pu][n+Q-a)p-q)|(n+p+pn-1)(n+p)
—[n(l—)»)+p+pu+k—1][n—1+(1—a)(p—q)])

x([n1-2)+p+u][n+Q-a)p- q)])_1

nn+p-q)
m+p+p—1)(n+p) bn+p1:| } .

Theorem 2.8 Let f be given by (2). Then f € S_HZ(n,p,)»,a) if and only if

oo

f@= " (w2 + yige(2),

k=n+p-1

where hy,.p_1(2) =2, hi(2), fork=n+p,n+p +1,... is of the form

p_ (1-0)(p-q) (p+1)2p.q) k(= o) —
hz) = 1"~ Tk g-el-g P &g 1-a)p-g) <landnz2,

(p+11)2(p.q) k.
? — sk -g—a-gi ek » 1= -9 =1

and gi(2), fork=n+p—-1,n+p,... is of the form

(1-0)(p-0)(p+1)2p,) %,
? — G h-g-ao-glP a2+ 1=)p-q) <landn=2,

(p+1)2p.q) .
? ~ Ttk q-ag-oiToakg 2+ 1-0p -9 =1,

a(2) =

o0

o0
xw_lsxpzl—(zacw > yk>, x>0,y > 0.

k=n+p k=n+p-1

In particular, the extreme points ofmZ(n,p, M) are {hi} and {gi}.
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Proof Suppose (1-a)(p—¢g)<1,n>2,and

oo

f@= ) (w2 +ygi(2))

k=n+p-1

> A-a)p-q9)p+w)Ap,q) ‘

XKZ

— P
i k;p [k + =ik = p)llk —q—alp - q)ICP(k, 1)k, q)
v 1-a)p-q9)(p+wW2p.q) "
2 k+ - nlk—p)llk—q-alp-ICr w2k, g)”

k=n+p-1

Then

i [k + = Ak - p)llk — q — a(p - q)1CP (k, 1)k, q)
1-a)p-qp+um)pq)

k=n+p
1-a)p-q)p+1)pq) .

k+ = k= p)Ilk— g - ap - @ICPk Wk q)

. Z [k + = Ak =p)]lk —q—alp—q)CP(k, w)2k, q)
(I-a)p-g9p+n)p.q)

k=n+p-1
8 (I-a)p-qg)(p+n)p,q)
[k + u = Ak = p)lk — g —a(p - q)]CP(k, n)S2k, q)

o0 o0
= Zxk+ Z yk=1-x,<1

k=n+p k=n+p-1

X

Yk

andsof € S_Hi(n,p,ia).
Conversely, if f € SHZ(n,p,A,a), then

< A-a)p-q) +ur) Qpq)
T [k+pu =k =pllk-q-alp-q)] CPkpn) 2k q)
and
by < (1-a)(p-q) p+u) Q2p,q)
T k+ =k -p)llk—q-ap-q)] CPk ) Qkq)
Set
_ k+ pu = Ak =p)llk —q - alp - q))CP(k, 1)k, 9) _
e (=) - +1020,) @ (e=mepmipt
_ k= Mk = p)lik - q - alp - 9]C7(k &2k, q) (k=ntp-Lnsp
- 1-)p-9p+ W ¢ P
and

k=n+p k=n+p-1

'))

)
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where x, > 0. Then, as required, we obtain

f2) =x,2" + Z KXhi(2) + Z Yigk(2).
k=n+p k=n+p-1
The proof for the case (1 — @)(p — ) > 1 is similar and hence is omitted.

Theorem 2.9 The class S_HZ(n, P, A, ) is closed under convex combinations.

Proof Letf; € WZ(n,p, ra)fori=1,2,..., where f; is given by
o0 o0
Q=23 ad - Y b
k=n+p k=n+p-1
Then by (10) and (11),

N C7(k, p) 2(k, q)
E:U+u—kM—PﬂM‘q_“@_@]@+u)Q@ﬂﬂh

k=n+p

- C(k, 11) Q(k, q)
k+p-rk-pllk-g-ap-
+k:§il[ +1u-rk-p)lk-g-a@-q)] e 2o
_ l-a)p-q) f(Ql-a)p-gq)<landn=>2,
1 if(l-a)p—gq) >1

ki

For fol t;=1,0 <¢; <1, the convex combination of f; may be written as

f:téf(z) =2 - i (i tiﬂki)zk— i ( 3 t,-bki)zk.

i=1 k=n+p \ i=1 k=n+p-1 \ i=

Then by (13),

= CP(k, 1) 2k, q)
2:[k+u—k%—pﬂﬁ—q—a@—qﬂ(p+ﬂ)Qumﬁ(g;nwi

k=n+p

= CP(k, ) Qk,q) (o
- Y [k+u-rk-plk-q-ap-9] (p+:) 9(10,2) (;tfbki>

k=n+p-1

. [ Cr (k1) 0k g
E:”i23“*“‘1“‘P”V‘q‘“@‘m]@+u)Q@qﬂh

i=1 k=n+p
S CP(k, 1) k)

- k+p—-rtk=p)|[k-—q-a(p- b
kzgil[ +u—-Mk-p)|[k-q-alp-q)] v+ 90 kL}
_Ja-ap-9 X t=0-0p-q fl-a)p-q)<landn>2

T ixgs=1 if1-a)p-q) >1.

This is the condition required by (10) and (11), and so Y ., £;fi(z) € mﬁ(}’l,p, A Q).

(13)
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Theorem 2.10 Let s(z) € S_HZ(n, p:h, ), then

i 8
SH,(n,p, 1, &) C N,, (e(q);s(q)),

where e(z) and s(z) are given by (7),
(i) for-a)p—q)<landn=>2,

_ (I-a)p-qg)(p+n)p,q)n+p)
(n1=A)+p+p]CP(n+p,u)[n+(1-a)p-q)]

- [® - (” +p - I)Q(Vl +pP— 1: q)]Ber—l;

(i) for 1-a)(p—q) =1,

P @+ 1)Qp,q)(n +p)
(n(1=A) +p+p]CP(n+p,)[n+(1-a)(p-q)]

- [@ —(n+p-1)Qn+p-1, q)]Bmp,l,

where

A=A +p+u+ri-1ln-1+1-a)p-9)1n+p-1,q)n(n + p)

o= =)+ p+ i1+ p+ i =D+ (- )y -]

Proof Let s(z) € WZ(n,p,k,a), (1-a)(p-¢q) <1and n > 2. We need to show that s(z) €
Nip(e(q); s9). It suffices to show that s satisfies the condition (7). In view of Theorem 2.5(i),

we have

([n(l—k) +p+plCP(n+p, 1)

p+w)Qp,q) ) Y (k-g-alp - )2k @) Ax + Bi)

k=n+p
<1l-a)p-9)
B MA-N+p+pu+r-1n-1+1-a)p-q))CPn+p-1L,u)Q2n+p-1,9)
(p +1)2p.q)
XBVl+p—1'

Then

> kQu(k, q)(Ax + Bi)

k=n+p
_ 1-a)p-q9p+1wQp,q)
T [nQ-A) +p+ pu]lCP(n+p, )
MAl-A)+p+u+ri-1ln-1+1-a)p-q)mn+p-1,9)n B
‘( (1= 2) +p+ulOn+p+ i —1) ) !

+ W(;ji(fp_)m) Z k2(k, q)(Ax + Bx)

k=n+p
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so that
oo (l—a)(P_Q)(P+M)Q(p,q)(n +p) .
2 ks B < e pla (-]

=8-(n L 2 1)Q(n +p- lxq)Ber—b

which, in view of definition (7), completes the proof of Theorem 2.10. The proof of other

case is similar and so is omitted. O

Remark Taking the co-analytic part of s(z) of the form (7) identically zero and letting
s € SH(n,p, %, (1 — a)(p — q)), we obtain the neighborhood result of Ashwah [5].

Remark Taking the co-analytic part of s(z) of the form (7) identically zero and letting
s € SHg(n, 1,1,1 — a|y|), we obtain the neighborhood result of Murugusundaramoorthy
and Srivastava [6].

Theorem 2.11 Let f € W:p(q, A ) and
(i) forA-a)p—q)<landn=>2,

§<Qmn+p-1,9)

8 [p_ A-a)p-q)p+m)2p,q)n+p-q)
(n1-2) +p+ulln+1-a)p-gICP(n+p,p)(n+p-1)

_ (<n+p—1>—A)bn+p_l],

(ii) forl-a)(p-q) =1,

§<Qn+p-1,q)

y [p_ @ +1p,q)n+p-q)
(A=A +p+plln+ (1-a)p-q@]CP(n+p,pu)n+p-1)!

~((n+p-1)- A)b,,+p1]

then
Nfl,p (f(q);s(q)) c SH* (}’l,p),

where

A= +p+pu+r-1]n-1+1-a)p-9IQn+p-1,gnn+p-q)!
B [(nA-2) +p+ulln+Q-a)p-@ln+p-Dn+p+p-1) '

Proof Let 1 —a)(p — q) <1 and n > 2. Also, suppose that f(z) € S_H:p(q,k,a) and s(z) €
Nip (f9;5). We need to show that s(z) € SH*(n, p). It suffices to show that s satisfies the
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condition (8). We have

o0
Z k(Ag +Bg) + (1 + p—1)Byip

o0
< Y klax = Axl + bk = Bl] + (2 + p = D)lBpip1 = Buip|
Pl
o0

Z (@ +bi) +(n+p—1byip

k=n+p

1 [o¢]
o 1 Q(k, -A _B

+(n+p-1)Qn+p-1, q)'bn+p—1 _Bn+p—1|j| +(m+p— 1)bn+p—1

s ( p+u)Qp,q)n+p-q) >
(A=A +p+plln+(1-a)p-lCP(n+p,pu)n+p-1)!

oo , k,
x(}jM+u—xw—pﬂu—q—a@—@fzfﬁ?g;Z%@+bo>

k=n+p

<—" —Dbysp
- Q(n+p—l,q)+(n+p Vo1

. ( p+m)Qp,q)(n+p-q)! )
(n1-2) +p+ulln+(1-a)p-9)]CPn+p,pu)(n+p-1)
x(a—mw—m
_ MA-A)+p+pu+r-1n-1+1-)p-q)CPn+p-1L,u)2n+p-1,9)
@+ m)Qp.q)

X bn+p—l)'

Now this expression is never greater than p provided that

—a)p-q)p+ ), q)(n+p-q)
(mA-A)+p+ulln+(1-a)p-q]CP(n+p,u)(n+p-1)

8§ <Qn +p—1,q)[p—
~((n+p-1)- A)b,,+p_1:|.

The proof of the other case is similar and so is omitted. O
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