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Abstract: In this paper, by considering a Frenet curve lying on an oriented hypersurface, we extend the Darboux frame

field into Euclidean 4-space E*. Depending on the linear independency of the curvature vector with the hypersurface’s
normal, we obtain two cases for this extension. For each case, we obtain some geometrical meanings of new invariants

along the curve on the hypersurface. We also give the relationships between the Frenet frame curvatures and Darboux

frame curvatures in E*. Finally, we compute the expressions of the new invariants of a Frenet curve lying on an implicit

hypersurface.

Key words: Curves on hypersurface, Darboux frame field, curvatures

1. Introduction
In differential geometry, frame fields constitute an important tool while studying curves and surfaces. The most
familiar frame fields are the Frenet—Serret frame along a space curve, and the Darboux frame along a surface
curve. In Euclidean 3-space, the Darboux frame is constructed by the velocity of the curve and the normal
vector of the surface whereas the Frenet—Serret frame is constructed from the velocity and the acceleration of the
curve. Expressing the derivatives of these frames’ vector fields in terms of the vector fields themselves includes
some real valued functions. These functions are called the curvature and the torsion for the Frenet—Serret frame,
and the normal curvature, the geodesic curvature, and the geodesic torsion for the Darboux frame [2,6-8,10].
The generalizations of the Frenet—Serret frame into higher dimensional spaces are well known. However, the
generalization of the Darboux frame even into 4-space is not available (in the literature, we do not come across
any work that extends the above three curvatures of a surface curve in E? into the hypersurface curve in E*).
In this paper, we construct a frame field (in which the first three vectors span the tangent space of the
hypersurface along the curve) along a Frenet curve lying on an oriented hypersurface, and call this new frame
field an “extended Darboux frame field” (we think that this extension will be a useful tool for studying curves on
hypersurfaces in E*). Later, we obtain the derivative equations of this new frame field and give the geometrical
meanings of the new curvatures of the curve with respect to the hypersurface. Finally, the expressions of our
new curvatures are obtained for a curve lying on hypersurfaces defined by implicit equations. By using the

obtained expressions for the new invariants, an example is also presented.

*Correspondence: mduldul@yildiz.edu.tr
2010 AMS Mathematics Subject Classification: 53A04, 53A07
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2. Preliminaries

2.1. Darboux frame in E?

Let S C E? be an oriented surface and v : I C R — S be a unit speed curve. Let T denote the unit tangent
vector field of v and U denote the unit normal vector field of S restricted to the curve . Then the Darboux
frame field along v is given by {T,V,U}, where V = U x T. Thus, we can express the derivatives according

to the arc-length of each vector field along the curve ~ as [6]

T = kyV+k,U,
V' = —k,T+7,U,
U = —k,T—-17,V,

where K4, Ky, and 7, denote the geodesic curvature, the normal curvature, and the geodesic torsion of the curve

v, respectively.

2.2. Curves on a hypersurface in E*

Definition 1 Let {e, ez, es,e4} be the standard basis of R*. The ternary product (or vector product) of the

(2

4 4
yiei, and z =Y z;e; is defined by [5, 9]
-1

4
vectors X = Y. x;€;, y =
i=1 i=1

K2

e €y e3 €4
Tr1 X9 T3 T4
Yr Y2 Ys Ya
21 22 23 24

XQy®z=

The ternary product has the following properties [9]:
DxQyRz=-yRXxQRz=yRz®X

2) (x,y @20 w) =det{x,y,z,w}
3) (x+y)®z®w=x®z®w+y®z®w

Let M C E* denote a regular hypersurface and 3: I C R — M be a unit speed curve. If {t,n, by, by}

is the moving Frenet frame along 3, then the Frenet formulas are given by [4]

t/ == k:ln,

n = —kit+ kb, (1)
bll = —k2n —+ kgbg,

by = —ksby,

where t,n, b, and by denote the unit tangent, the principal normal, the first binormal, and the second binormal

vector fields; k1, ko, k3 are the curvature functions of the curve (.

Theorem 1 Let a: I — E* be an arbitrary-speed reqular curve. Then the Frenet vectors of the curve are given

by [1]

t: ) :77 :f; n:—.
‘Tlavad|] T |beeaedl Ib; ® by @ d|

(2)

|l
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and the curvatures of the curve are given by

B R R R ) 5
&>’ &[>k [l [*h1 ko

where “(,)” denotes the scalar product.

Definition 2 A unit speed curve 3 : I — E" of class C™ is called a Frenet curve if the vectors 3'(s), " (s), ..., 3™~ (s)

are linearly independent at each point along the curve.

3. The extended Darboux frame field

3.1. The construction of the extended Darboux frame field

Let M be an orientable hypersurface oriented by the unit normal vector field N in E* and 3 be a Frenet curve
of class C™ (n > 4) with arc-length parameter s lying on M. We denote the unit tangent vector field of the

curve by T, and denote the hypersurface unit normal vector field restricted to the curve by N, i.e.
T(s) =p'(s) and N(s) = N(B(s)).
We can construct the extended Darboux frame field along the Frenet curve g as follows:

Case 1. If the set {N, T, 5"} is linearly independent, then using the Gram—Schmidt orthonormalization method
gives the orthonormal set {N, T,E}, where

" _ (8" N)N

E_ 5” <5H7 ) . (@)
(18" — (8", N)N|
Case 2. If the set {N,T,3"} is linearly dependent, i.e. if §” is in the direction of the normal vector N,
applying the Gram—Schmidt orthonormalization method to {N, T, 3"’} yields the orthonormal set {N,T,E},

where
E_ ﬂ/// o <5///7 N>N o <ﬁ///,T>T
||B/// _ <6///’ N>N _ <ﬁ”/,T>T|| :

In each case, if we define D = N® T ® E, we have four unit vector fields T,E,D, and N, which are mutually

()

orthogonal at each point of 5. Thus, we have a new orthonormal frame field {T,E,D,N} along the curve
instead of its Frenet frame field. It is obvious that E(s) and D(s) are also tangent to the hypersurface M for
all s. Thus, the set {T(s),E(s),D(s)} spans the tangent hyperplane of the hypersurface at the point B(s). We

call these new frame fields

“extended Darbouz frame field of first kind” or in short “ED -frame field of first kind’
in case 1,

and
“extended Darbouz frame field of second kind’ or in short “ED -frame field of second kind’

in case 2, respectively.

Remark 1 The Darboux frame field {T,V, U} along the Frenet curve ~y in 3-space can also be constructed by
the method explained in Case 1 and Case 2 depending on the linear independency of {U, T,~"}.
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Remark 2 If a Frenet curve 8 parametrized by arc-length s lies in a hyperplane with the unit normal vector
N, we may write (5(s) — B(0),N) = 0. Thus, we have (5'(s),N) =0, (8”(s),N) =0, (8"(s),N) =0, i.e.
Case 1 is valid. If we substitute (5" (s),N) =0 into (4), we obtain E(s) =n(s). Moreover, since 3',5", 5" are
perpendicular to N, using (2) we get N and by are parallel. Hence, if we take N = ba, we obtain D(s) = by(s),
i.e. ED-frame field of first kind coincides with the Frenet frame.

Remark 3 If a Frenet curve B parametrized by arc-length s is a geodesic on a hypersurface, by the proper
orientiation of the hypersurface with N(s) = n(s), Case 2 is valid. In this case, since " = kin, substituting
B" = —k?t + kin + ki1kaby into (5) yields E || by. If we take E(s) = byi(s), we obtain D(s) = ba(s), i.e. the
frame {T,E,D,N} coincides with the frame {T,by,bs,n}.

3.2. The derivative equations

Let us now express the derivatives of these vector fields in terms of themselves in each case. Since {T,E,D,N}

is orthonormal we have

T = (T,E)E + (T,D)D + (T, N)N,
E = <E,7T>T + <E/ﬂD>D + <E/7N>N7 (6)
D = (D,T)T + (D,EYE + (D',N)N,
N/ (N.T)T + (N,EYE + (N/,D)D.

Case 1. In this case, ED-frame field is first kind. Since we have

e B —(FNN T —(T,N)N
167 — (3" N)N]| ~ [T — (T N)N]|”

we get
T =||T" = (T, N)NJ||E + (T’,N)N

ie. (T',D) =0.

Case 2. In this case, ED-frame field is second kind. Thus {N, T, "} is linearly dependent and

E B 5/// _ </8/l/’ N>N _ <B///7T>T

— . 7
157 — (37, NN — (37, TYT]] @)

The linear dependency of {N, T, 3"} gives 8” = AN, that is, (T’,E) = (T’,D) = 0. Moreover, if we substitute
8" = NN+ AN’ into (7), we obtain (N’,D) = 0.

We denote

<E/7 N> = 7-;3 <Dlv N> = T_z? (8)

and call T; the geodesic torsion of order i. Similarly, we put
(T',E) = k,, (E',D)=x, (9)

i

and define & 9

as the geodesic curvature of order i.

1631



DULDUL et al./Turk J Math

Lastly, if we use (T’,N) = k,,, we obtain the differential equations of ED— frame fields in matrix notation

as
T 0 /@é 0 kK T
E’ -k} 0 k2 7} E
. — g g g
Case 1: D | = 0 _552) 0 D | (10)
N’ —Kp =T, —72 0 N
T 0 0 0 &Ky T
E’ 0 0 w2 T} E
. — g g
Case 2: o | = 0 -2 0 0 D (11)
N’ — K, —Tj 0 0 N

3.3. Geometrical interpretations
Now let us investigate the geometrical interpretations of the real valued functions &, , /@é, Ky Tgs Ty -

3.3.1. k,, k!

; and their geometrical interpretations

It is obvious from its definition that ,, = (T’,N) is the normal curvature of the hypersurface in the direction

of the tangent vector T in each case. Hence, (8 is an asymptotic curve if and only if x,, = 0 along 3.

The following result can be easily seen according to the corollary 3.1 given by [3]:

Theorem 2 Let 3(s) be a unit-speed curve on an oriented hypersurface M in Fuclidean 4-space, and My, My
be the hyperplanes at (sg) € M determined by {T(so),E(s0),N(so)} and {T(s0),D(s0),N(s0)}, respectively.
Then the first curvature, at the point B(sg), of the intersection curve of the hypersurfaces M, My, and My

is |kn(S0)|, where Ky is the normal curvature of the hypersurface M in the direction of the tangent vector T.

Theorem 3 Let 5(s) be a unit-speed curve on an oriented hypersurface M in Euclidean 4-space. If o denotes
the orthogonal projection of the curve 8 onto the tangent hyperplane at the point B(sg), then the first curvature

of the projection curve a is given by kf*(so) = |kg(s0)].

Proof Since « denotes the orthogonal projection curve of 5 onto the tangent hyperplane at 3(sg), we may

write

a(s) = B(s) — (B(s) — B(s0),N(s0)) N(so)-
Differentiating both sides of the last equation with respect to s yield
a'(s0) = T(s0),
o (s0) = kg (s0)E(so0),
a"(s0) = { (k )Q(So) (/-”»n) ( )} T(s0)
{ ) (s0) — Kn(s0)73(s0) } E(so)
+ {rZ( so) kg (50) — Iin(SO 7'92(80 )} D(s0)

at the point «a(sg) = B(so). Hence, using Theorem 1 gives the result as we desired. O
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Theorem 4 Let 3(s) be a unit-speed asymptotic curve on an oriented hypersurface M in Euclidean 4-space.
If v denotes the orthogonal projection of the curve 8 onto the hyperplane determined by {T(so), E(so),N(s0)}
at the point B(so), then the first curvature of ~ is given by ki (so) = [k4(s0)]-

Proof The proof can be given similar to the proof of Theorem 3. O

Now let us consider the moving Frenet frame {T,n,b;, by} along 8. Since n, by, by, E, D, N are

perpendicular to T, we may write

n COS¢1 COS¢ COSP3 E
b1 | = | cosy; cosys cosis D
bo cosf; coslly cosbs N
Using the orthogonality of above 3 x 3 coefficient matrix, we get
E cos¢y costy  cosby n
D | = | cosgo cosths cosby b, |. (12)
N cos¢3 cosysz cosfs b,
Hence, using Frenet formula T’ = k;n we obtain
ky = (T',E) = k1 cos ¢, kn = (T, N) = ky cos ¢3. (13)

3.3.2. Tgl, T;, KZ and their geometrical interpretations

It is clear that the curve g lying on M is a line of curvature if and only if

T,(s) = 792(5) =0, in Case 1.
On the other hand, since we have 7; = (E’,N), (12) gives us

Tgl = <§9{(cos ¢1)n + (costh1)by + (cosb1)ba}, (cos d3)n + (cos yh3)by + (cos 93)b2> .

Thus, by using the Frenet formulas for 3, we get the geodesic torsion of order 1 as

T, = —¢)sing;cospz — 1y sinyy cosyz — 0] sin by cos b3

+ka(cos ¢1 cosh3 — cos 1y cos ¢3) + ks(cos iy cos O3 — cos B coss). (14)

Similarly, for the geodesic torsion of order 2 and the geodesic curvature of order 2, we obtain

7. = —¢hsin gy cos s — P siniy cos g — O sin By cos O3
+ko(cos ¢g cos b3 — cos 1y cos ¢3) + k3(cos g cos O3 — cos B2 cos 1h3) (15)
and
mg = —¢) sin ¢y cos gy — 1| sin 1)y coshy — ] sin b cos Oy
+ko(cos ¢1 cos by — cos 1y cos ¢a) + k3(cos iy cos B — cos By coss), (16)

respectively. Therefore, 7}, and k2 have the following geometrical interpretations for a geodesic curve.
g g
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Theorem 5 Let 5 be a unit-speed geodesic curve parametrized by arc-length s on an oriented hypersurface M
in Buclidean 4-space. Let {T,n,b1,bo} and {T,E,D,N} denote the Frenet frame field and ED -frame field of
B, respectively. Then we have

/{Z = k37 7_; = _k27 Kn = klv
where k; (i = 1,2,3) denotes the i-th curvature functions of 3.

Proof Since B is a geodesic curve on M, the curvature vector is perpendicular to the tangent hyperplane,

i.e. n and N are linearly dependent (Case 2 is valid). Thus, if we use Remark 3 we have

$1(5) = Gals) = ta(s) = Ps(s) = O1(s) = bs(s) = =

Bk $3(s) = Y1(s) = 02(s) =0

along . Substituting these equations into (13), (14), and (16) yields the desired results. O

Theorem 6 Let 8 be a unit-speed asymptotic curve parametrized by arc-length s on an oriented hypersurface
M in Euclidean 4-space. Let {T,n,by,ba} and {T,E,D,N} denote the Frenet frame field and ED -frame field

of B, respectively. Then we have

dep
1_ 2 _ 1 : 2 _
kg =ki, Ky =kacosp, T, =—kasing, 77 —]{33—1-%,

where @ denotes the angle between D and by, and k; (i = 1,2,3) denotes the i-th curvature functions of S.

Proof Since 8 is an asymptotic curve on M, we have x, = 0, i.e. t' = kn = /Q;E. In this case n and E

are linearly dependent (Case 1 is valid). Thus, we obtain

$1(5) =0, @2(s) = ¢p3(s) = ¥1(s) = 01(s) =

oy

along (. Furthermore, since in this particular case D,N, by, by lie in a plane, we also have

Ua(s) = 0a(s) = 0(s),  fals) = 5 — (). Wals) = 5 + ().

Substituting these equations into (13)—(16) yields the desired results. O

As a consequence of the above theorem, we may give the following corollaries:

Corollary 1 Let 8 be an asymptotic curve on M. If ¢(s) = constant, then the geodesic torsion of order 2 of

B is equal to its third curvature, i.e. ’7'3 = k3.

Corollary 2 Let 8 be an asymptotic curve on M. If ¢(s) =0, then we obtain Ii; =k, Hg = kQ,Tgl = (),Tg2 =
ks, i.e. the ED-frame field of first kind along 3 coincides with the Frenet frame.

Corollary 3 Let 5 be an asymptotic curve on M. If ©(s) = —m/2, then the geodesic torsion of order 1,2 of

B is equal to its second and third curvatures, respectively, i.e. T, = ky,7; = k3.

Corollary 4 Let 8 be an asymptotic curve on M. In this case, we have (73)2 + (ng)Q = (k2)2.
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4. Computations of new invariants on implicit hypersurfaces

Let us consider a hypersurface M given by its implicit equation f(z,y,z,w) =0, and let 3(s) = (xz(s),y(s), z(s),w(s))

be a Frenet curve of class C™(n > 4) on M. Then the unit normal vector field along S is given by

N(s) = llgﬁl\ (s). Moreover, we have [1]

(V.8 =0, (17)

(Vf,8"y=—B'H; (8, (18)

<Vf,ﬂm> _ —3ﬂ/Hf (ﬁ”)t _ ﬁ/

N
1) gy, (19)
Where /3/ — [.,L,/ y/ Z/ w/]7 /3// — [m// y// z// w//], /B/// — [.,L,/// y/// Z”I w///]7 Vf — [fx fy fz fw]’ and
fza: f:L’y fzz fa:w

Hf: fW fw fyz fyw

fzx fzy fzz fzw ’
fwm fwy fwz fww

d(H
(dsf) —_ |: BaHa:f (ﬁl)t 68%(6/)75 ,

f:c:cac fxyr facza: fxwx fxxw facyw fxzw fmww

aI{f _ fyaca: fyym fyzm fywm . aI_If _ fymw fyyw fyzw fyww

ox fz:vz fzym fzzz fzw:r: ’ ’ ow fzxw fzyu) fzzw fzww

fwwa: fwyw fwza: fwww fwww fwyw fwzw fwww

We may also write
(Vf) =pBHy, (20)
" 1! ! d H

(vry' ="y + 5 20, (21)

Let us now compute the expressions of the new invariants of 5 with respect to the hypersurface in each case.

4.1. Extended Darboux frame field of first kind (Case 1)

1

4.1.1. The expressions for

and k,

: T/~ (T/,N)N .
Since k, = (T',E), K = (T',N) and E = W, we obtain

_ ! T/7<T/’N>N _ 1 T/ i 2
'fé<T,||-|-,_<-|-,,|\|>|\l||>\/<TaT><TaN>

or
2Y 2
o ={88" - o (9 0) (22)
and
/! _ 1 " _ -1 / Nt
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4.1.2. The expression for 7,

If we differentiate E = % with respect to s, we get

1
T = (T NN

i (g ) (7= 7).

E/ (T”— <T'N>N— <T,N>N-<T N> N’) (24)

Thus, we deduce

_ / _ _<T/)N/>
7 = N = N
or
1 _ -1 / (Vf)/ _ 1 / >
T = [ [T NN <T’||Vf|| RZEAANEAALRA

Hence, in matrix notation we have

=g { ) + e (AT ) () | 29

where

Nl=

£ = {ﬂ”(ﬂ”)t - ||v1f||2 (B’wa’)’f)Q}

4.1.3. The expression for ng

If we use (24), and (T’,D) = 0, we obtain

_ 1!

"53 = <E/a D) 3

((T“, D) — (T, N)(N, D>). (26)

On the other hand, substituting E = % into D=N®TQ®E yields D=¢"'N® T® T'. Then from

(26) we have the expression for the geodesic curvature of order 2 as

2 y/ o w' 2 y/ o W
1 2 i " " 1 " 1 " "
2 _ Yy < w / nt| T Yy z w
Kg = é.QHVfH 2 y/// 2w + vaHQB Hf(ﬁ ) a b ¢ d 5 (27)
fx fy fz fw fm fy fz fw

where (Vf) =d'Hy =[abcd].

4.1.4. The expression for Tg2

Since 72 = (D/,N) = —(N',D) = — < (L — A (VL (V)Y D>, we obtain

x/ y/ Zl w/

) -1 , -1 2 y// S "

- D)=~
% = e (VD) qvIF o b
T y z w

o
&g
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4.2. Extended Darboux frame field of second kind (Case 2)
4.2.1. The expression for k, and 53

The normal curvature k, = (T’,N) is obtained by (23).

On the other hand, since 8” = AN in Case 2, from (5) we obtain

E_ N — (N, T)T
I = (N T T
and
E/—; N'— <N T>T-<N,T">T—-<N,T>T
I = (N T T ’ ’ ’

d 1 , ,
i (=) (¥ - 0v-m).
Thus, since (T’,D) =0, (N’,D) =0 in Case 2 we find

<NH7D> 7<N/7D,> -1 12 "
- - = (N ,N®T®N
N — (N, Ty T [N = (N7 T T u< NoTeN),

Ky = (E',D)

where

p=|IN = (N, TVT||? = <N’, N’> - <N’,T>2.

If we substitute N’ = (‘VV—]})‘/‘ — W<Vﬁ (Vf)’>Vf into the last equations, we obtain

= (V). V9 T (7))

or

xl y/ Z/ w/

/$2: 1 fw fy fz fw
SoplIvAIE e b d
P q T S

and

n= el (V00 = e (V) = (9.7}

1

:W{B’Hf(ﬁlfff)t (,Ble(Vf)t)Q— (5/Hf(ﬁ/)t)2},

b
V112

where (Vf)' =labecd], (Vi)' =p"H;+ 54 =[pqrs.

(29)
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4.2.2. The expression for 7,

Similarly, for the geodesic torsion of order 1, we may write

= €8 = i (0 (7))

()~ ()Y

or we have

D=

1

1 / !/
n = o FHEH

- e AV = (@ HAE))} (31)

5. Example

Example 1 Let us consider the unit-speed curve

Bls) = (COS (%) o (55) o (3%) = (335»

lying on the hypersphere M...x2+y%+22+w? = 2. The unit normal vector field of M along B is N(s) = %B(s)

and the unit tangent vector field of B is

0= (o () () () ()

Since the curvature vector field

=10 = (“hon (G5) o (35) s () e (35)

is linear independent with N(s), Case 1 is valid. Thus, if we apply the method given in Case 1, we obtain

- (b () () () ()

o0 (o)) e () ()

On the other hand, if we use the formulas (22), (23), (25), (27), and (28), the geodesic curvatures of order 1,

2 are obtained as k}(s) = 5%/5, ko(s) = 5‘—\/45, the geodesic torsions of order 1, 2 are 7)(s) = 72(s) = 0, and the

normal curvature of f is Kn(s) = ;—% As expected, B is a line of curvature on M.

6. Conclusion

The Darboux frame field in Euclidean 3-space E? is extended into E*. By using Gram-Schmidt orthonormal-
ization, we construct the extended Darboux frame field along a Frenet curve lying on an oriented hypersurface.
We obtain some geometrical meanings of new invariants of the new frame field. The relationships between the
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new invariants according to the hypersurface and the curvatures according to E* are given. Finally, the expres-

sions of the new invariants of a Frenet curve lying on an implicit hypersurface are obtained. These expressions

are given in matrix notation to shorten the formulas. Computing the expressions of these new invariants for a

curve lying on a parametric hypersurface is a future work.

Acknowledgment

This research has been supported by Yildiz Technical University Scientific Research Projects Coordination
Department. Project Number: 2013-01-03-KAPO1

References
Aléssio O. Differential geometry of intersection curves in R* of three implicit surfaces. Comput Aided Geom Design
2009; 26: 455-471.
do Carmo MP. Differential Geometry of curves and surface. Englewood Cliffs, NJ, USA: Prentice Hall, 1976.

Dildiil M. On the intersection curve of three parametric hypersurfaces. Comput Aided Geom Design 2010; 27:
118-127.

Gluck H. Higher curvatures of curves in Euclidean space. Amer Math Monthly 1966; 73: 699-704.

Hollasch SR. Four-space visualization of 4D objects. Masters thesis, Arizona State University, Phoenix, AZ, USA,
1991.

O’Neill B. Elementary Differential Geometry. Burlington, MA, USA: Academic Press, 1966.

Spivak M. A Comprehensive Introduction to Differential Geometry. vol. 3, 3rd Edition, Houston, TX, USA: Publish
or Perish, 1999.

Struik DJ. Lectures on Classical Differential Geometry. Reading, MA, USA: Addison-Wesley, 1950.
Williams MZ. Stein FM. A triple product of vectors in four-space. Math Mag 1964; 37: 230-235.
Willmore TJ. An Introduction to Differential Geometry. Oxford, UK: Clarendon Press, 1959.

1639


http://dx.doi.org/10.1016/j.cagd.2008.12.001
http://dx.doi.org/10.1016/j.cagd.2008.12.001
http://dx.doi.org/10.1016/j.cagd.2009.10.002
http://dx.doi.org/10.1016/j.cagd.2009.10.002
http://dx.doi.org/10.2307/2313974
http://dx.doi.org/10.2307/2688595

	Extension of the Darboux frame into Euclidean 4-space and its invariants
	Recommended Citation

	Introduction
	Preliminaries
	Darboux frame in E3
	Curves on a hypersurface in E4

	The extended Darboux frame field
	The construction of the extended Darboux frame field
	The derivative equations
	Geometrical interpretations
	n, g1 and their geometrical interpretations
	g1, g2, g2 and their geometrical interpretations


	Computations of new invariants on implicit hypersurfaces
	Extended Darboux frame field of first kind (Case 1)
	The expressions for g1 and n
	The expression for g1
	The expression for g2
	The expression for g2

	Extended Darboux frame field of second kind (Case 2)
	The expression for n and g2
	The expression for g1


	Example
	Conclusion

