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ABSTRACT

In the acquaint article, we scrutinize some fundamental attribute of a
subclass of harmonic univalent functions defined by a new alteration.
Like these, coefficient disparities, distortion bounds, convolutions, convex
combinations and extreme points.
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1. Introduction

Let D = {z: |z| < 1} indicates the open unit disk and let H denotes the
family of continuous complex valued harmonic functions in D. Let A denotes
the class of functions which are analytic in D. It is clear that A is a subclass of
H. If § and g are selected from A, harmonic f function in D can be expressed
as f = h+g. It is usually called the analytic part of § for the b function and
the co-analytic part for the g function. We know that S denotes the class of
normalized analytic univalent functions in D. Attention that if the co-analytic
part’s members are zero, then H degrades to the class of S. A sufficient and
necessary condition for f to be sense-preserving and locally univalent in D is
that |§’(z)| > |g’(z)| (see Clunie and Sheil-Small (1984)). SH denotes the class
of functions § = h + g which are harmonic univalent and sense-preserving in
the unit disk D for which f(0) = ,(0) — 1 = 0. Also, attention that if the
co-analytic part of f function is zero, then SH reduces to S. Then we can state
h and g analytic functions as for f = h + g as follows

h(z) =z+ Zajzj and g(z) = ijzj. (1)

=2

One demonstrates clearly that the sense-preserving feature alludes to |b1| < 1.
The subclass SH® of SH contains entire functions in SH which have the extra
feature f3(0) = 0.

Geometric functions theory has been studied a lot in recent years (For
example; [Olatunji and Duttal (2019) , Kumar and Ravichandran| (2017)).

|Clunie and Sheil-Small (1984) researched SH class’s geometric subclasses
as well as some coefficient bounds. Since then, there have been many articles
about SH and related subclasses.

For f € S, the differential operator D™ (n € Ng = N U {0}) of § was
acquainted by (1983)). This operator was developed and modified by

many researchers over time. As a simple example for f = h 4+ g given by ,
|[Jahangiri et al.| (2002)) defined the modified Salagean operator of f as

D"f(z) = D"b(z) + (—1)"D"g(2),
where

D"y(z) =z + Zj"ajzj and D"g(z) = Zj”bjzj.
j=1

Jj=2

Now, for f € A functions, let § = h+g like (1)), we define the modified multiplier
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transformation of f

19%(0,€)(2) = 1(2),

@0 = i) + e - ThE) @)
I3 (0. )2) = 15 (0.€) (I (2, 7)) - (n € No) (3)

Where (,&,9,0 > 0. If § is given by , then from and we see that

34(0,0)fx) = z+z[<+ “W‘”*@] a;7!

= C+o
(+E+ING+1D) —0] 5=
+ z_:[ 1o } bzl (4)

Let § is given by . Thus we obtain that

I3(0.0)f(2) = [(2) #655(2) * ... x 655(2)

n times
= h*¢1919() ¢1919()+9*¢)2919* ¢29,1_97()
n times n times

where "x" shows convolution of power series or the usual Hadamard product

and

{—&+0-0) 2 29 |5 49 =
Z_< Cto )Z [1 C+Q:|Z [1 C+Q]Z

i-27 (1-27
= $% (D) + 655 ,(2)

¢55(2) =

If special numbers are selected for the parameters n,(,9,0 and £ The follow-
ing operators, which are examined by various authors, are obtained:

for f € A,

() 1(0.0)(2) = D) (Salagean] (1959),

(i) I (;, 0)§(z) = I3§(z) (/Cho and Srivastaval (2003), Cho and Kim)(2003),
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(iv) I (0,0)f(z) = D%f(z) (Al-Oboudi (2004)),

(v) I3 (1,0)f(z) = D" (9. Df(z);1 > 0 (2009))

for f € H,

(iv) I;"(0,0)f(z) = D"f(z) (Jahangiri et al,|(2002)),

(v) " (7,0)f(z) = IZ§(z);v >0 (]Yasar and Yalcin| (]2012[)),

(vi) I;1(0,0)f(z) = D3f(z) (Yasar and Yalcin| (2013)),

(vii) I77(0,0)f(z) = I7 ,f(z) (Bayram and Yalcin| (2017)).

H(C, ¥, 0,€,n,0) represents the subclass of SH comprising of functions f
in type (I)) which provide below the circumstance

Re(%)ga, 0<d<1 (6)
Iy (0,6)i(2)

where 1}*§(z) is described by .

We allow to the subclass SH((, 9, o, &, n, §) occurring of harmonic functions
fn = b +79, in SH, therefore, h and g, are in type

z)=z— Zajzj, on(z) = Zb Z7, a;, b; >0. (7)
j=2

If the parameters are chosen appropriately, SH((, ¥, 0,&,n,0) classes are
reduced to different subclasses of harmonic univalent functions. Like,

(i) SH(1,1,0,0,0,0) = SH*(0) ( |Avci and Zlotkiewicz| (1990), Silverman
(1998), |Silverman and Silvial (]1999[)

(i) SH(1,1,0,0,0,0) ) (ahangis] (1959))

(i) SH(1,1,0,0,1,0) = KH(0) (Avci and Zlotkiewicz| (1990), Silverman
(1998), |Silverman and Silvial (]1999[)

(iv) SH(1.1,0,0,1,8) = KH(3) (Jahangi (1999)).

(v) 8H(1,1,0,0,n,6) = H(n,d) (Jahangiri et al| (2002)),
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(vi) SH(1,1,0,0,n,8) = SH(vy,n,d) (Yasar and Yalcin| (2012)),
(vii) SH(1,4,0,0,n,6) = SH(Y,n,d) (Yasar and Yalcin| (2013)),
(viii) SH(~, 0,0,0,n,0) = SH(v, 0,n,d) (Bayram and Yalcin| (2017)),
Define SH°((, 9, 0,&,n,68) := SH((, 0, 0,&,n,6) NSH® and

SH'(¢,9,0,6,n,8) := SH((,9, 0,€,n,8) N SH".

2. Primary Conclusions

Theorem 2.1. Let f=bH+g. Let b and g are given by with by = 0. Let

3 [<+(5+19)(j71>+g}” [€+(§+19)(j*1)+g _ 5} ;| +

= C+eo Cte
= [ =CHE+r) G+~ CHEFD) (G+1) —
3, [Feegpe]” [zeeglize 4o i <1-5 @)

where E+ 9 > 2(C+0) , n € Ng, 0 < § < 1. In that case f is harmonic
univalent, sense-preserving in D and € SH°(C, D, 0,€,n,6).

As a special notation for convenience, we make

L, = [C+(£+£93r(jg Uﬂ)r

and

M, = [_C+(§z?(g+1)_g}7b

in this article.
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Proof. If zy # za,

‘ f(z1) — f(z2) {— ‘9(21) —9(z)| _, j=2
— — o0
b(z1) — b(z2) b(z1) — b(z2) (21— 22) + S ay (231 —zé)
=2
oS .
221 1b;1]
]:
> 1-—
1= > 7laj|
=2
o0 M, —¢H(EF) G+ —e
22 [ —Cre ] 1b,]
J:
= 1- O L, [$HEENG-Dte] 20,
1= =5 lajl
Jj=2

that demonstrates univalence. The attention that f is sense-preserving in D.
Therefore

oo
. —1
W@ = 1= jlallzl
j=2

I CHE+HNG—D+eo
L, [“HEgg d

> 1= - |aj|
: 1-6
Jj=2
o0 = EFIN G+ =0
§ ZMn{ D=e | | "
= £ 1-6 J
Jj=2
> ZjlijZ\j_l
j=2
> |g'(2)].

If we use the consubstantiality that Rew > 6 & |1 —d4+w| > [1 4+ 6 — w|,
it suffices to prove that

(1= I3 5@) + I 5@)| = |1+ 9155 - 17 5@)| 2 0. (9)
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Substituting for Ijf(z) and I} ™"f(z) in @ we have

\(1 = )35 + I35()| - |[(1+ DI 5) - 1 5)

9 .
R L Y B R L
) 1 ;
ZM E c: CXLDZE 1] o
ZL DD ] oy
) 1 ;
—ZM [ s £+<+)(gj+ )= +1+5} ;| 2
(g —1
—ZM { ot 5?:)(;“> +5] |bj|}.
Then the last statement is not negative by . O

Theorem 2.2. Let §, = h+g, be given by @ with by = 0. Then f, €
SH' (¢,9,0,&,m,9) if and only if

iLn [c+(£+£9)+(yg—1> ]aﬁzM { C+ £+Ci>(y+1> +6}b]

j=2
where £+ 9 > 2(C+ ), n € Ng, 0 < < 1.

Proof. The "if" part of the proof is obtained by Theorem 1 SH ({, 9, 0,&,n,6) C

SHY(¢, 9, 0,€,m,0). To show the "only if" part, we need to show f,, ¢ @O(C, 9, 0,&,n,0)
if the stipulation doesn’t hold. Attention that a sufficient and necessary

condition for f, = h +7g, given by , to be in @0@7197 0,&,m,0) is that (Eb
to be satisfied. This is same with
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= 9)(j—1 PR - 9)(+1)— =
1=z 3 L, CHEDU=e o] ;27 — > My | e Ie | o] 7

Re =

> 0.

z— > Lya;zi + > Myb;7’
j=2 j=2

The above stipulation must hold for all values of |z| = r < 1. With selecting
these values of z on the positive real axis where 0 < z = r < 1. We ought to
have

I (Lo [SHEEDU=T g a5 — b, [ =EHEERZe o] ) it
Jj=2

1— > Lpa;ri=t + 5 M,bjri—1
j=2 j=2
(11)
If the stipulation is not valid, then the expression in is negative for r

values approaching to 1. Therefore there exist zy = rg in (0, 1) for which the
quotient in is negative.

This shows the required stipulation for f,, € SH ({,¥,0,&,n,0). O

Theorem 2.3. Let f, be given by @ For the f, functions to be in the
ﬁo(g,ﬁ, 0,&,m,0) class, a necessary and sufficient condition is

fn(z) = Zl (thj (z) + ngnj (Z)) )
j=
where
() =2 bz —z- - i (=2,3,.)
hlz —27 h]z =2z L <+(E+19)(j*1)+9_5:|2 jf y Uy e )y
n C+o
and for j = 2,3, ...
1-6 .
gm(z) =2z gn(z) =z+ (71)n : b
J —CH(EFD) G+~
M, [ C+L)j : +6]

X;>0,Y,>0,> (X;4+4Y;)=1, £+9>2((+0),neNy, 0<6<1.
j=1
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Especially, the extreme points ofﬁo(g,ﬁ, 0,§,n,06) are {h;} and {gnj}.

Proof. For §, functions in type (7)) we have

fa2) = ) (Xh;(2) + Yign,(2))

1

<.
I

= 1-6 :
(X;+Y)z— . X,z
A ;L [—“(5*’2151)*9 - 5} ’

I
WK

<.
Il

Z 9 in]'
[ <+(£+€ )G+ —o _'_5}

Then
2 = L, [HE0G- Dk 5]
00 —CH+(E+D G+ —e
+ZM[ 1C+é<5) & i K
- Mn[wﬁﬂ
= OOXj—Fin:l—)ﬁ—YlSl
j=2 =2

and so f, € WO(C, 9, 0,&,n,0). Conversely, if f,, € ﬁo(g,ﬁ, 0,&,m,0), then

1-9

- CHE+HNG—1)+o
L, |HEx0 5]

aj

and
1-96

C+H(E+9)(+)—0
My, [ C+o + 6}

b; <

Set
I [c+@+ﬂxjfn+947
n C+o

1-96

d
X; = aj, (j=2.3,..)

Mn[ C+(E+D G+ — Q_i_(;}
Y, = T b, (j=2,3,...)
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and
Xi+Vi=1-{) X;+Y;
j=2
where X;, Y; > 0. If so, as necessary, we have

oo

fn(z) = (X1 + Y1)z + Zth] + ZYJQW X ibi(z) + ngm( )) .

Jj=2 Jj=1
O

Theorem 2.4. Let f, € @O(C,ﬁ, 0,&,n,0). Then for |zl =r <1 and E+9 >
2(C+0), n €Ny, 0<d<1. we have

1-9
z)| <7+ 2
n(2)] < [<+§+g+ﬁ}" [<+£+9+19 _ 5}
Cteo Cte
and 16
z)| > r— _ r2.
n(2)] = {c+£+g+ﬂ}" [<+§+9+19 _ 5}
Cto Cte

Proof. Here we only will prove the rightside of the inequality. The leftside of

the inequality might be shown like this way. Let f, € ﬁO(C,ﬁ, 0,&,n,0). If
we take absolute value of f,, then we obtain

|fn S Z a; er
j=2

C+(E+I) G-+
(1-8)r iLn[ Tro “‘ﬂa,
[<+£+g+ﬂ}" [C+§+Q+19 B 5} — 1-6 J
¢t+eo Ct+eo J=
oo =CHEHIN G+ =0
(1-0)r ZM"[ (to +5}b4
[<+§+g+ﬂ}" [C+E+g+ﬁ B 5} — 1-6 J
Ct+o C+o Jj=
(1-9) -
{<+£+g+0}” [<+£+g+ﬂ _ 5} '
¢+o C+o

We can obtain covering result in following corollary with the left-hand side
inequality in Theorem 2.4. O
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Corollary 2.1. Let f, of the form @ be so that f, € ﬁo((,ﬁ, 0,&,n,9),
where  + 9 > 2(C+ 0), n € No, 0< 0 < 1. Then

(1-9)

{<+&+g+0}” [<+£+g+ﬁ _5
C+eo C+eo

wlw|l<1-—

C fn(D).

Theorem 2.5. Under convex combinations ﬁo(g,ﬁ, 0,&,m,0) is closed.

Proof. Let f,, € ﬁo(c,ﬂ, 0,&,n,0) for i = 1,2, ..., where §,, is given by

fn,(2) =2 — ZCL]72J +( Z
j=2
Then by ,
CHEHI G- +e —¢+E+9) G+ —e
iLn[ cre 75]a +iM <7 ﬂﬂb <1 (12)
= 1—94 Ji 1—-9 Ji — =

oo
For Y t; =1, 0 < t; < 1, the convex combination of f,, can be expressed as
i=1

itﬁm (2) =z — i <itiaﬁ> 7+ Z (Zt bh>

j=2 \i=1 j=2
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Then by ,

o I, [CHERNGDre 5] /o
> [ figa } (;"i%‘i>

—C+H(EHI)(G+1)—e
oo My | ZCHELQUR= 4 4] <°° >

j=2

Jj=2
o0 oo CHEHNG=Dte _
L”[ (+e 6}
5 D) el R

M, [—C+(f+19)(j+1)—9 +5}
b

* th 1-¢ ds

This is the condition required by and so > tifn,(2) € WO(C,& 0,&,n,9).
i=1
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