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Abstract Let r > 1 be an integer. In this work, we consider the number of integer
solutions of Diophantine equation

x2— (24 1)y? — (4t +2)x + 42 +41)y =0
over Z and also over finite fields IF,, for primes p > 5.
Keywords Diophantine equation - Pell equation

Mathematics Subject Classification (2000) 11D09 - 11D41 - 11D45

1 Preliminaries

A Diophantine equation is an indeterminate polynomial equation that allows the vari-
ables to be integers only. Diophantine problems have fewer equations than unknown
variables and involve finding integers that work correctly for all equations. In more
technical language, they define an algebraic curve, algebraic surface or more gen-
eral object, and ask about the lattice points on it. The word Diophantine refers to the
Hellenistic mathematician of the 3rd century, Diophantus of Alexandria, who made
a study of such equations and was one of the first mathematicians to introduce sym-
bolism into algebra. The mathematical study of Diophantine problems Diophantus
initiated is now called Diophantine analysis. A linear Diophantine equation is an
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equation between two sums of monomials of degree zero or one. While individual
equations present a kind of puzzle and have been considered throughout history, the
formulation of general theories of Diophantine equations was an achievement of the
twentieth century. For example, the equation ax + by = 1 is known the linear Dio-
phantine equation. In general, the Diophantine equation is the equation given by

ax®> +bxy+cy’ +dx+ey+ f=0. (1.1)

Also for n = 2, there are infinitely many solutions (x, y, z) of the Diophantine equa-
tion x" + y" = z". For larger values of n, Fermat’s last theorem (see [4]) states that
no positive integer solutions x, y, z satisfying the equation exist. The Diophantine
equation

x2—dy’=1 (1.2)

is known the Pell equation (see [3, 16]) which is named after the English mathemati-
cian John Pell a mathematician who searched for integer solutions to equations of this
type in the seventeenth century. The Pell equation in (1.2) has infinitely many integer
solutions (x,, y,) for n > 1. The first non-trivial positive integer solution (x1, y;) of
this equation is called the fundamental solution, because all other solutions can be
(easily) derived from it. In fact if (x1, y;) is the fundamental solution, then the n-th
positive solution of it, say (x,, y,), is defined by the equality

Xn 4 yaVd = (x1 + y1V/d)" (1.3)

for integer n > 2. There are several methods for finding the fundamental solution of
x? — dy? = 1. For example, the cyclic method known in India in the 12th century,
and the slightly less efficient but more regular English method 17th century, produce
all solutions of x2 — dy? =1 (see [4]). But the most efficient method for finding the
fundamental solution is based on the simple finite continued fraction expansion of v/d
(see [2, 5, 6, 10-13]). We can describe it as follows: Let [ag; ai, ..., ar, 2ag] be the
simple continued fraction of Jd (ap = L\/EJ ). Let po = ag, p1 =1+ apai, g0 =1,
q1 =ai, pn = QnpPn—1 + pn—2 and g, = anqn—1 + qn—2 for n > 2. If r is odd, then
the fundamental solution is (x1, y1) = (pr, gr), Where p, /g, is the rth convergent of
A/d and if r is even, then the fundamental solution is (x1, Y1) = (P2r+1, 92 +1)-

The Pell equation was first studied by Brahmagupta (598-670) and Bhaskara
(1114-1185) (see [1]). Its complete theory was worked out by Lagrange (1736—
1813), not Pell. It is often said that Euler (1707-1783) mistakenly attributed
Brouncker’s (1620-1684) work on this equation to Pell. However the equation ap-
pears in a book by Rahn (1622-1676) which was certainly written with Pell’s help:
some say entirely written by Pell. Perhaps Euler knew what he was doing in naming
the equation. Baltus [2], Kaplan and Williams [6], Lenstra [7], Matthews [8], Mollin
(also Poorten and Williams) [9, 14, 15], Stevenhagen [17], Tekcan [18-23], and the
others considered some specific Pell (and Diophantine) equations and their integer
solutions.
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2 The Diophantine equation P () y2 — (4t +2)x + (412 + 41) y=0

Let + > 1 be an integer. In this section, we will consider the integer solutions of
Diophantine equation

D:x>— (2 4+1)y* — (4t +2)x + (4> + 41)y =0 2.1)
over Z. (Note that D has always two integer solutions (0, 0) and (0, 4) for every
arbitrary r > 1. So we omit these two solutions.) Note that D represents a conic. So

before considering our main problem, we give some preliminaries on conics. Recall
that a conic C is given by an equation

C:ax2+bxy+cy2+dx+ey+f=0, 2.2)

where a, b, c,d, e and f are real numbers. The discriminant of C is A(C) = b?—4ac.
If A(C) <0, then C represents an ellipse; A(C) > 0, then C represents a hyperbole
and if A(C) =0, then C represents a parabola. If b = 0, then we can transform C to
a centripetal conic on the uv-plane via the transformation

xX=u-++h,

T: : 2.3)
y=v+k

for some A and k. Here we call the pair {h, k} as the base of T and denote it by

Tlh; k] = {h, k). (2.4)

Since a Diophantine equation D represents a conic C, the corresponding conic is
hence

C:x>— (> +1)y> — (4t +2)x + (4> + 41)y =0. (2.5)

Now we want to carry out C to a centripetal conic on uv-plane. To get this let x =
u+h and y = v + k for some / and k. Then (2.5) becomes

C:u+h? =2 +Dw+k?>—@t+2)w+h) + @2 +4)@+k)=0. (2.6)
In (2.6), we obtain u(2h — 2 — 4t) and v(—2kt*> — 2kt + 41 + 41). So we get
h=2t+1 and k=2 .7

since the coefficients # and v must be zero. Therefore for
x=u+2t+1 and y=v+2, 2.8)
we get
C:u>— @+’ =1 (2.9)

which is a centripetal conic (in fact a hyperbole) on uv-plane with focuses 1 and
L So the corresponding Diophantine equation is hence

NIGE=))

D:u?— 2+ =1. (2.10)

In fact this a Pell equation by (1.2). Now we can consider the integer solutions of D.
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Theorem 2.1 Let D be the Diophantine equation in (2.10). Then

(1) The fundamental solution 0f5 is (ur,v1)) =Rt +1,2).
(2) Define the sequence {(u,, v,)}, where

<un)=<2t+1 2t2+2t>n<1> @.11)

Up 2 2t + 1 0
forn> 1. Then (u,, v,) is a solution of D.

(3) The solutions (u,, v,) satisfy u, = 2t + Du,—1 + (2t2 + 2t)v,—1 and v, =
2up—1+ 2t + Vv, forn > 2.

(4) The solutions (un, v,) satisfy the recurrence relations u, = (4t + 1)(up,—1 +
Up—2) — up—3 and v, = (4t + 1) (V-1 + vp—2) — vy—3 forn > 4.

(5) The continued fraction expansion of N/t2 + 1t is

m:{[l;i] ifr=1,

[t;2,21] ift > L.

(6) The n-th solution (u,, v,) can be given by

Un

[r 121, t,2t,2] (2.12)
—/_—/

n—1times

Un

forn=>1.
Proof 1.1t is easily seen that (u#1, v1) = (2t + 1, 2) is the fundamental solution of D
since (2t + 1)2 — (2 +1)22 =1.

2. We prove it by induction on n. Let n = 1. Then by (2.11), we get (41, v1) =
(2t 4+ 1, 2) which is a solution of D since (u1, vy) is the fundamental solution. Let us
assume that the Diophantine equation in (2.10) is satisfied for n — 1, that is,

D:u? [ — @+ =1 (2.13)

We want to show that this equation is also satisfied for n. Applying (2.11), we find

that
up\ (2t +1 22426\" (1
v )\ 2 2t +1 0
2r+1 22426\ (20 4+1 22 +20\""' (1
2t +1 2 2t +1 0
2; 1 20242t (un_q
2t +1 Un—1

2t + Dup—1 + (22 +20) v,
2up—1+ Q21 + Doy

(2.14)
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Hence we conclude that
u2 — (> + o>
= (@1 + Dup—y + Q% +20)v,-1)" = (% + 0)2un—1 + Q1 + Do)’
=2t + 1)%u>_ | 4+ 221 + D)(Q21* 4 200 uy v + 21> +20)%02_,
— (P + 0 (dul_ +4Qt+ Dup_yv—1 + Qt + D?02_))
=ul_ (2t + 1 =41 +1)
Fttn—1p—1 (221 + D217 +20) — (12 + 0421 + 1))
+v2_ (@2 +20% — (1 + )2t +1)?)
=ul | — @+l
=1

since u2_ | — (1 +1)v2_, = 1 by (2.13). S0 (4, vy) is also a solution of D.

3. Applying (2.14), we find that u, = 2t + Duy—1 + (2¢% 4+ 2t)v,_; and v, =
2up—1 4+ 2t + 1)v,—; forn > 2.

4. We only prove that u, satisfy the recurrence relation u, = (4t + 1)(u,—1 +
Up—3) —uy_3 forn > 4. For n =4, we find from (2.11) that uy =2t + 1, up = 812 +

87+ 1,u3 =323+ 482+ 187 + 1 and uq = 128¢* 4+ 25613 + 160r2 +32¢ + 1. Hence

ug = (4t + 1)(u3 +uz) —uy
= (41 + 1)(323 + 5612 + 26t +2) — (2t + 1)
= 128¢* + 2561 + 1601% 4 321 + 1.

Sou, = @4t + 1) (u,—1 +u,_2) — u,_3 is satisfied for n = 4. Let us assume that this
relation is satisfied for n — 1, that is,

up—1 = & + D)(up—2 +un—3) — up—4. (2.15)
Then applying the previous assertion, (2.14) and (2.15), we find that u, =

At + 1) (uy—1 +uy—n) —u,_3 forn > 4. B
5. Let t = 1. Then it is easily seen that V2 =1[1;2]. Now let # > 1. Then

1 1 1
Vel tt=1+ 2+t -t)=t+——=1+ =1+

121+t 1241—t
N 2Ht—t 7 2+ 7
1 1 1
=l‘+2+71=l+2+ 1 =l+2+ i .
4/,21,,, 1241+t 24-(/ 1241 —1)

So V12 4+t=1t;2,21].
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6. It is easily seen that (u1, v1) = (2t + 1, 2) is a solution since ”1 =[t;2]=t+

1 = 2+l [ et us assume that (uy, vy) is a solution of D that is, u — (t2 + t)v =1.

Then by (2.12), we derive

1 1 1
un+]=t+ =t+ =t+
Un+1 24— L S —

—L ar—L o
204 % 204 )

_Qt 4 Dy + 212 4 21)v,
- 2u, + 2t 4+ Do, ’

So (Up+1, Un41) is also a solution of D since

W2 — (002, = Q1+ Dty + Q12 420)0,) = (240 (2un+ Q2 4+ D) = 1.

This completes the proof. g

Example 2.1 Let t = 5. Then (u1, v1) = (11, 2) is the fundamental solution of D:
u? —30v2 = 1 and some other solutions are
(uz, vp) = (241, 44), (u3, v3) = (5291, 966), (u3, v3) = (5291, 966),
(ug, v4) = (116161, 21208), (us, vs) = (2550251, 465610),
(ueg, vg) = (55989361, 10222212).
Also +/30 = [5; 2, 10]. The solutions (i, v,) satisfy the relations u, = 21(u,—1 +

Up—3) — uy—3 and v, = 21(vy,—1 + vy—2) — v,—3 for n > 4. Also u,, = 1lu,_1 +
60v,,_1 and v, =2u,_1 + 11v,,_1 for n > 2. Further

up [5:2] = 11
V1 - ’ - 2 ’
- 241
2 _15:2.10,2]= 2.
v [ ] 44
us 5291
% 15:2.10,2,10,2] = 22—,
5 L 1= 566

116161
M 15:2.10.2,10,2,10,2] = ——~
4 21208

2550251

% —15:2.10.2.10,2,10,2,10,2] = =22~
vs 465610
” 55989361
%0 —15:2.10,2,10.2,10,2,10,2,10,2] = 2222227
v | 1= Tom2212

From above theorem we can give the following result.
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Corollary 2.2 The base of the transformation T in (2.3) is the fundamental solution
of D, that is Th; k] = {h, k} = {u1, v1}.

Proof We proved in above theorem that (u;,v) = (2t + 1, 2) is the fundamental
solution of D. We also showed in (2.7) that 2 = 2¢ + 1 and k = 2. So the base of T is
Tlh; k] ={h,k} = {2t + 1,2} as we claimed. O

We see as above that the Diophantine equation D : x> — (12 + t)y> — (4t +
2)x + (41> + 41)y = 0 can be transformed into the Diophantine equation D:u?—
(t% + t)v? = 1 via the transformation 7 defined in (2.3). Also we show in (2.8) that
x =u+2t+1and y = v+ 2. Further we proved in Theorem 2.1 that the fundamental
solution of D is (u1,v1) = (2t + 1, 2) and the other solutions are (u,, v,) which is
defined in (2.11). So we can retransfer all results from D to D. Thus we can give the
following main theorem.

Theorem 2.3 Let D be the Diophantine equation in (2.1). Then

(1) The fundamental (minimal) solution of D is (x1, y1) = (4t + 2, 4).

(2) Define the sequence {(xn, yn)}n>1 = {(un + 2t + 1, v, + 2)}, where {(u,, v,)}
defined in (2.11). Then (xy, yn) is a solution of D. So it has infinitely many many
integer solutions (xy, yn) € Z X 7.

(3) The solutions (x,,, y,) satisfy

Xn = (2t + Dxp_1 + (212 +2t) yp_1 — 817 — 61,
Yp=2xXp-1+Qt+1)y,—1 — 8t -2
forn=>?2.
(4) The solutions (x,, y,) satisfy the recurrence relations
Xp = (4 + 1) (Xp_1 + Xn—2) — Xn_3 — 161> — 8¢,
Yo = (4t + 1)(Yp—1 + Yn—2) — yn—3 — 16¢

forn>4.

Example 2.2 Some integer solutions of D are

(x1,y1) = (4t +2,4),

(x2, y2) = (8t 4+ 101 + 2, 81 + 6),

(x3, y3) = (3217 + 4812 + 201 + 2, 32t% + 32t + 8),

(x4, ya) = (1281* + 25613 4+ 1601 + 341 + 2, 12813 + 192> + 801 + 10),

(x5, y5) = (512¢° 4 1280¢* 4 1120¢> + 40012 + 521 + 2, 512¢* + 102413 + 672¢2
+ 160z 4 12).
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3 The Diophantine equation x2 — (12 +1)y?> — (4t +2)x + (4> + 4t)y =0
over I,

In this section, we will consider the integer solutions of D defined in (2.1) over finite
fields ), for primes p > 5. We show that D becomes D which is defined in (2.10).
Now let te ]F* andlet? +r=d (mod p). Then D becomes

DY :u? — dv* = 1(mod p). 3.1)

Set 5g(IE‘p) ={u,v)elF, xF,: u? — dv? = 1(mod p)}. Then we can give the
following theorem.

Theorem 3.1 Let 5% be the Diophantine equation in (3.1).
1. If p=1,7(mod 8), then

p+1 fordé¢ Qp,

~
D, (Ep) = {p—l ford e Q,.

2. If p=3,5(mod 8), then

p+1 fordeQ,,

o
#Dp(Fp)—[p_l ford ¢ 0,

where Q , denote the set of quadratic residues.

Proof 1.Let p=1,7(mod 8). Then we have two cases:

Case (1) Let p = l(mod 8) and letletd € Q). If v =0, then u? = 1(mod p) and
hence u = 1 and u = p — 1. So the Diophantine equation Dd has two integer solutions
(1,0) and (p — 1, 0). If u = 0, then —dv? = 1(mod p) has two solutions vy, vp. So
Dd has two 1nteger solutions (0, v{) and (0 vz) Now let S, = IF* {1, p —1}. Then

there ar —1 — ¢2 for some
¢ # 0. Then v? = ¢?(mod p) < v = £c(mod p). So the Diophantine equation Dg
has two solutions (u, ¢) and (u, —c), that is, for each u in S),, l~)ﬁ has two solutions.

So it has 2(”7_5) = p — 5 solutions. We see as above that it has also four solutions
(1,0), (p — 1,0), (0, vy) and (0, v2). Therefore 5" has p —5+4 = p — 1 integer
solutions. Now let d ¢ Q. If v =0, then ul= l(mod p) and hence u =1 and u =

— 1. So the Diophantine equation Dd has two integer solutions (1, 0) and (p — 1, 0).
If u =0, then —dv? = 1(mod p) has no solution. So Dd has no integer solutlon

(0,v). Let L, = F* {1, p — 1}. Then there are P pomts uin L 1

is a square. Set —— ” = j? for some j # 0. Then v2 = j%(mod p) & v ==j(mod p)
So the Dlophantme equation Dg has two solutions (u, j) and (u, —j), that is, for

eachu in L, 52 has two solutions. So it has 2(pT_1) = p — 1 solutions. We see as
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above that it has also two solutions (1, 0) and (p — 1, 0). So 5g hasp—1+4+2=p+1
integer solutions.

Case (2) Let p = 7(Inod 8) and let d € Q). If v=0, then u? = 1(mod p) and
henceu =1andu = p—1. So the Dlophantlne equation Dd has two integer solutions

(1,0) and (p — 1,0). If u =0, then —dv* = 1(mod D) has no solution v. So Dz
has no integer solution (0, v). Now let H, = ]P“,"7 — {1, p — 1}. Then there are pT—3
points u in H), such that # is a square. Set % = k? for some k # 0. Then v> =
k*(mod p) < v = +k(mod p). So the Diophantine equation 5Z has two solutions
(u, k) and (u, —k), thatis, for each u in Hp, 52 has two solutions. So it has 2(%73) =
p — 3 solutions. We see as above that it has also two solutions (1,0) and (p — 1, 0).
Therefore Dg has p—3+2=p—1 integer solutions. Let d ¢ Q. If v =0, then

= 1(mod p) and hence u =1 and u = p — 1. So the Diophantine equation l~)d

has two integer solutions (1 0)and (p — 1, O) If u =0, then —dv? = = 1(mod p) has
two solutions vy, v2. So Dd has two 1nteger solutions (0, v{) and (O vz) Now let

u

K,=F% » — {1, p—1}. Then there are 22 pomts u in K such that is a square.

Set # = m? for some m # 0. Then V2= 2(rnod p)Ev= :I:m(mod p). So the
Diophantine equation Dd has two solutions (u k) and (u, —k), that is, for each u

in K, Dd has two solutlons So it has 2(” 5—) = p — 3 solutions. We see as above

that it has also four solutions (1, 0), (p — 1, 0), (O, v1) and (0, vp). Therefore ﬁg has
p —3+4 = p—+ 1 integer solutions.
2. It can be proved as in same way that the previous assertion was proved. g

Example 3.1 Let t = 5. Then d = 30 = 8(mod11),4(mod13), 13(mod 17),
7(mod23). So

D8 (7)) = 0,2),(0,9),(1,0), (3, 1), (3,10), (5, 5), (5,6), (6,5), (6, 6),
= (8, 1), (8, 10), (10, 0) ’

DY (Fy3) = 0,4),(0,9),(1,0),(2,2), (2,11), (6, 5), (6, 8), (7,5), (7, 8),
13113 = (11,2), (11,11), (12, 0) ’

BEE) = [ ©9:0,9,0,0,3,7), 3,10, 4 3), 4,14, (6,2), (6,15),
7= (11,2), (11, 15), (13, 3), (13, 14), (14,7), (14, 10), (16,0) [~

~ 0,6),(0,17), (1,0), 4,9), (4, 14), (8, 3), (8, 20), (9, 8), (9, 15),
Dg3(IE‘23) = (10, 1), (10, 22), (11, 2), (11, 21), (12, 2), (12, 21), (13, 1),
(13, 22), (14, 8), (14, 15), (15, 3), (15, 20), (19,9), (19, 14), (22, 0)

and hence #D%, (F11) = 12, #D},, (F13) = 12, #D13(F17) = 16 and #D], (F23) = 24.

For the Diophantine equation D, we set
D(F,) ={(x,y) €Fp xF,:x* — (t>+1)y* — (41 +2)x + (4> +41)y = 0(mod p)}.

Then we can give the following theorem.
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Theorem 3.2 Let D be the Diophantine equation in (2.1).
(1) If p=1,7(mod 8), then

p+1 fort2+t¢Qp,

#D(F,) =
) p—1 f0rt2+t€Qp.

(2) If p=3,5(mod 8), then

p+1 f0r12+ter,

F,)) =
#DE) p—1 fort2+t¢Qp.

Open Access  This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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