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1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a complex domain D if both u and v are real
harmonicin D. For in any simply connected domain D C C we can writef = h+g, where hand g are analyticin D. A necessary
and sufficient condition for f to be locally univalent and sense preserving in D is that |h'(z)| > |g'(z)| in D (see [1]). In [2]
Hengartner and Schober investigated functions harmonic in the exterior of the unit disc U= {z : |z| > 1}. They showed
that a complex valued, harmonic, sense preserving, univalent mapping f, defined on U and satisfying f (co) = oo, must
admit the representation

f(2) = h(2) + g() + Alog |z, (1)
where
h(z) = az + Z az* and g(2) =pz+ Z bez ¥ )
k=1 k=1

0<|B| <|a|, Ae Canda =f2/fz is analytic and satisfies |a(z)| < 1forz € U. After this work, Jahangiri and Silverman [3]
gave sufficient coefficient conditions for which functions of the form (1) will be univalent. For under certain restrictions,
they also give necessary and sufficient coefficient conditions for functions to be harmonic and starlike. In [3] the following
theorem, which we shall use in this work, is also proved.

Theorem 1. Let f(z) = h(z) + g(z) + Alog |z| with h(z) and g(z) of the form of (2). If
> k(larl + b)) < laf — 18] — |Al (3)
k=1

then f (z) is sense preserving and univalent in U.
Also, Jahangiri [4] and Murugusundaramoorthy [5,6] have studied the classes of meromorphic harmonic functions.
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In this work, we define a new operator M for meromorphic harmonic functions in U. Also, we define the classes MH* (1)
and MH" (n). Then, we investigate some properties of these classes such as coefficient estimates and a distortion theorem.
We define a new operator M for harmonic functions f(z) = h(z) 4+ g(z) where h(z) and g(z) are of the form (2), as
follows:

ﬁ !
Mf(z) =f2), M'f(2) = @ _ 3 <h(z)>

72
andforn=2, ...,
M"f(z) = M(M""'f(2)).

Hence, we obtainforn =0, 1, ...,

(o] o0
M'f(@) =az+ Y (k+2)"az 43"z + (—1)" Y _(k—2)"bz*.
k=1 k=1
Using the operator M, we now introduce the following classes:
Let MH*(n) denote the class of harmonic, sense preserving, univalent functions that consist of functions satisfying for
zeU,neNyg={0, 1, 2,...},

Mn+l 7
Re {2 — M™ 1@ (4)
M"f(z)
Also, let W*(n) be the subclass of MH* (n) which consists of meromorphic harmonic functions of the form
o o0
@) =h@) +8.@) = -0z =Y az ¥+ pz— (=" bz 5)
k=1 k=1

wherea > 8> 0,ay > 0,by > 0,b; < (a — B)/2.
A necessary and sufficient condition for f functions of the form (1) to be starlike in U is that for each z, |z| = r > 1, we
have

zh'(2) — zg'(2) } ~0 (6)

h(z) +g(2)
wherez = re'?, 0 < @ < 2, r > 1. This classification (6) for harmonic univalent functions was first used by Jahangiri [7].

Notice that if we take n = 0 in the inequalities (4), then we obtain inequalities (6) and f (z) is meromorphic harmonic,
sense preserving, univalent starlike in U.

9 N i0yy _
29 arg(f(re”)) = lmae (logf(re)) =Re :

2. Coefficient inequalities

In this section we obtain coefficient bounds. Our first theorem gives a sufficient coefficient condition for the class
MH*(n).

Theorem 2. If f(z) = h(z) + g(z) where |by| < (|| — |8])/2, h(z) and g(z) is of the form (2) and the condition

> kk+ 2" el + 3 k(k = 2)" byl + [b] < lor] — 37 B] ()
k=3

k=1
is satisfied, then f (z) is univalent, sense preserving in U and f(z) € MH*(n).

Proof. Inview of Theorem 1, f (z) is sense preserving and univalent in U. Now it remains to show that whetI)er the condition
(7) is sufficient for f (z) to be in MH*(n). We use the fact that Re¢ > O if and only if |1 + ¢| > |1 — ¢| in U. Therefore, it is
sufficient to show that
Pn(@) + 11 > Ipa(2) — 1], z €U, (8)
where
2M"f(2) = M"'f 2)
M"f(z)

Pn(2) =
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From (8) we must have

3MYf (@) —M™f ()|  |M'f@@) - M"f@)]
IM"f (2)] IM"f (2)]
Substituting for f(z) in (9) we obtain

> 0. (9)

|3M"f (z) — M™'f ()| — |M"f (z) — M"*f (2)]

o0 o0
20z — Y (k= 1)(k+2)"az ™ + (= D"Y (k+ 1)(k — 2) bz
k=1 k=1

D (k4 Dk +2)"az™* + 23" Bz+ ()" (k — 1) (k — 2)"biz ¥
k=1 k=1

o0 [e¢]
=2lz| o] = Y 2k(k +2)"|ay| |z|™* — 23"|Bl |z| — 2Ib1| |2 7* = Y 2k(k — 2)"|by| |2| ™
k=1 k=3

> o0
- {m = Dkl 2)"lael |21 = 3181 = Iba] |21 = Y k(k —2)" by |z|"l}
k=1

k=3

> 2 {|a| = > "kl +2)"lail — 3" — Iby| — > kik — z>"|bk|} >0, by(7)

k=1 k=3

We next show that the above sufficient condition for MH*(n) is also necessary for functions in W*(n). a

Theorem 3. Let the function f,(z) be defined by (3). A necessary and sufficient condition for having f,(z) € MH" (n) is that

D k(k+2)"a;+ Y k(k—2)"b+ by < o —3"B. (10)
k=1 k=3

Proof. Inview of Theorem 2, it is sufficient to prove the “only if” part, since MH (n) C MH*(n). Assume thatf,(z) € MH' (n).
Let the z be complex numbers. If Re(z) > 0 then Re(1/z) > 0. Thus from (4) we obtain

Mf @) } 3 ‘ Mf2)
M@ - M@ | M) - M)

0<Re{

o0 o0
—az — Y (k+2)"az™* +3"Bz — 3 (k — 2)"bz*
k=1 k=1

[ee] o0
—az+ Y k(k+2)"arz7% +3"8z — Y k(k — 2)"byz*
k=1 k=1

o0 o0
alz| + 3 (k+2)"alz| ™ +3"Blz| + 3 (k — 2)"bilz| ™ + b 2|

< k=1 k=3
- o0 o0
alz| = Y k(k+2)"ar|z| 7% — 37Blz| — Y k(k — 2)"bilz| ¢ — by|z| !
k=1 k=3
o0 o0
a+ Y (k+2)"ap+ 3"+ > (k—2)"by + by
k=1 k=3
< = - . (11)
a— Y k(k+2)"ay —3"8 — > k(k — 2)"by — by
k=1 k=3

From (11), it must be the case that

oo o0
D k(k+2)"a+ Y k(k—2)"b + by < o — 3"B.
k=1 k=3

Hence, the proof is completed. O
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3. Convex combinations

In this section, we show that the class MH *(n) is invariant under convex combinations of its members.
Theorem 4. The class MH" (n) is a convex set.

Proof. Fori =1, 2, ... suppose that f, ;(z) € MH (n) where f, ;(z) is given by

i@ = aiz—Zamz +piz — (- 1>"Zbk1z k.

k=
Then, by (10),

Z’<(1<+2) akl+Zk(k )" bk1+blt§al_3 Bi.
k=1 k=3

For Zf:] t; = 1,0 < t; < 1, the convex combination of f; ; may be written as

o0

zrif,,,,-@:—(iaai)z—z(zt,akl) o (Zm)z—( e kz(zt,bkﬂ, )

i=1 i=1 k:

Hence, Y%, tif,.i(z) € MH' (n), since

i k(k + Z)n <i tl-ak,l-) + i I((k — 2)” (i f,'bk,i) + <
i [i k(k + 2)"ay; + Zk(k —2)"by; + by ,:| < iti [ai — 3"/31] = (i fi%') -3 (i ti,Bi) . O

= k=

4. A distortion theorem and extreme points

In this sectiowe shall obtain distortion bounds for the functions in W*(n). We shall also examine the extreme points
for functions in MH*(n) when f, is defined by (5).

Theorem 5. Let the function f,(z) be in the class MH" (n). Then, for |z| =r > 1, we have

(@—=Br—(@=3Br ' <@ < (@+p)r+ (@—3"p)r .

Proof. Suppose f,(z) € MH" (n). Taking the absolute value of f;, we obtain

@] = |~z =Y @z +pz— (=1)" Y bz
= k=1
Sar4fr+ ) (@+byr* <ar+pr+ Yy (@+byr
k=1 k=1
<

ar 4+ pr417" (Z k(k +2)"a, + Z k(k —2)"b + b ) <(@+B)r+@—3"r"", by(10).
k=
The proof for the right hand bound is similar to that given above and we omit it.

W*(n) is still not compact under the topology of locally uniform convergence. To see this, observe that for each fixed «,
form=1,2,...,

am _ —x
fn(@) = —az + Z € MH (n)
m+1
but
lim fn(z) = —az +az & MH " (n).
m—00

Nevertliless, we can still use thi coefficient bounds of Theorem 3 to determine the extreme points of the closed convex
hull ofMH*(n) denoted by CICOMH*(TI). a
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Theorem 6. Let, for z € U R

z - (=D"__
hno(z) = =z,  gno(2) =—z+ TR 1@ =-z2—(=D"Z7"",  ga@=-z- 52 %
hpi(2) = — —Lz*k k>1 and g, 1(2) = — —&z*" k>3

mk k(k+2)n° T mk k(k—2yn" ~ T
Then f,(z) € clcoMH" (n) if and only if it can be expressed in the form
o0
Fr@ = [Xhni(@) + yigni(@)]
k=0
wherex, > 0, yx > 0and > oo (X + yi) = @.
Proof. Let
o0
[@ = [Xhni@) + yigni(@)]
k=0
withxg > 0, yx > 0and Y02 (X + Vi) = .
Then, we have
o0
Fr@ =) [%hi@) + yigni(@)]
k=0
> 1
_ —k
= Xohn,0(2) + ;Xk |:—Z - ml :| + Y08n,0(2) + ¥18n,1(2)
o0
(_1)11 -—k
-H’zgn,z(l) + ;yk |: Z k(k _ 2)112
o0 [o¢]
Xk Yo - 1 nYz 72 7k
=— -y = 27— (-1 1 —(~1
k;m +y1)z ; TR A R A (=1 Z k(k z)n
(o]
Xk Yo - 1 ,,J/z __2 ——k
= —az-) — =7 (—1 1 1 .
2 kX:;k(k—FZ)”z +3Z 0z = (1) - (= )Zk(k )Z
Since
k n k—2)n
Z<+),(l+2)n+2( k=2 (Zxk+y1+2yk>
=ao—Yo—Xo— Y2 <Ol—3"33/:

by Theorem 3, f,(z) € clcoMH " (n). Conversely, we suppose that f,(z) € clcoMH" (n); then we may write

fi@) =h@) + 8@ =—az =) az*+pz— ()" Y bz
k=1 k=1

wherea > 8 > 0, q, > 0, by > 0. We set

Xk Yo Y2
ag=——7/7—/ k=1,2,..., ==, b1 =y1, b, = =,
" ket 2y P=5e b= k=5
bo=—2% — k=3.4...

k(k —2)"

Hence, we obtain

fi@) = h@) +8@) = —az = Y @z 4 pz— (=) ) bz
= k=1

o0 o0 n
Xk Yo 1 ny2-_2 D"k __
= — E X z— E —2Z —z— (-1 z 1 E e —4
k:O( k +J’k) i k(k+2)" + 3n ( ) Y1 ( ) P k(k _ Z)n
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> 1 z
= Xo (—2) + x| —z— ——z7 | + —z4+ = ) +yi(—z = (=D"z7!
0(-2) k; k[ K2 ] yo( 3,1) yi(=z = (=)"z7")
=D"__, — =" __,
—z— —Z —Z - —Z
+y2( 2 +k;y" k(c—2)"
o0
= Z [%chn (@) + Yigni(@)] -
k=0

This completes the proof of Theorem 6. O

Remark 1. The result of this work, for n = 0, coincides with that given by [3].
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