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a b s t r a c t

In thiswork,we introduce a new class ofmeromorphic harmonic starlike functions exterior
to the unit disc Ũ = {z : |z| > 1}. We obtain coefficient inequalities and a distortion
theorem. In addition, we investigate some properties of this class.
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1. Introduction

A continuous function f = u+ iv is a complex valued harmonic function in a complex domain D if both u and v are real
harmonic inD. For in any simply connected domainD ⊂ Cwecanwrite f = h+ḡ , where h and g are analytic inD. A necessary
and sufficient condition for f to be locally univalent and sense preserving in D is that |h′(z)| > |g ′(z)| in D (see [1]). In [2]
Hengartner and Schober investigated functions harmonic in the exterior of the unit disc Ũ = {z : |z| > 1}. They showed
that a complex valued, harmonic, sense preserving, univalent mapping f , defined on Ũ and satisfying f (∞) = ∞, must
admit the representation

f (z) = h(z)+ g(z)+ A log |z|, (1)
where

h(z) = αz +
∞∑
k=1

ak z−k and g(z) = βz +
∞∑
k=1

bkz−k (2)

0 ≤ |β| < |α|, A ∈ C and a = f̄z̄/fz is analytic and satisfies |a(z)| < 1 for z ∈ Ũ . After this work, Jahangiri and Silverman [3]
gave sufficient coefficient conditions for which functions of the form (1) will be univalent. For under certain restrictions,
they also give necessary and sufficient coefficient conditions for functions to be harmonic and starlike. In [3] the following
theorem, which we shall use in this work, is also proved.

Theorem 1. Let f (z) = h(z)+ g(z)+ A log |z| with h(z) and g(z) of the form of (2). If
∞∑
k=1

k(|ak| + |bk|) ≤ |α| − |β| − |A| (3)

then f (z) is sense preserving and univalent in Ũ .
Also, Jahangiri [4] and Murugusundaramoorthy [5,6] have studied the classes of meromorphic harmonic functions.
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In this work, we define a new operatorM for meromorphic harmonic functions in Ũ . Also, we define the classesMH∗(n)
and MH

∗
(n). Then, we investigate some properties of these classes such as coefficient estimates and a distortion theorem.

We define a new operator M for harmonic functions f (z) = h(z) + g(z) where h(z) and g(z) are of the form (2), as
follows:

M0f (z) = f (z), M1f (z) =
(z2g(z))′

z
− z3

(
h(z)
z2

)′
and for n = 2, . . .,

Mnf (z) = M(Mn−1f (z)).

Hence, we obtain for n = 0, 1, . . .,

Mnf (z) = αz +
∞∑
k=1

(k+ 2)nakz−k + 3nβz + (−1)n
∞∑
k=1

(k− 2)nbkz−k.

Using the operatorM , we now introduce the following classes:
Let MH∗(n) denote the class of harmonic, sense preserving, univalent functions that consist of functions satisfying for
z ∈ Ũ, n ∈ N0 = {0, 1, 2, . . .},

Re
{
2−

Mn+1f (z)
Mnf (z)

}
> 0. (4)

Also, letMH
∗
(n) be the subclass ofMH∗(n)which consists of meromorphic harmonic functions of the form

fn(z) = h(z)+ gn(z) = −αz −
∞∑
k=1

akz−k + βz − (−1)n
∞∑
k=1

bkz−k (5)

where α > β ≥ 0, ak ≥ 0, bk ≥ 0, b2 ≤ (α − β)/2.
A necessary and sufficient condition for f functions of the form (1) to be starlike in Ũ is that for each z, |z| = r > 1, we
have

∂

∂θ
arg(f (reiθ )) = Im

∂

∂θ
(log f (reiθ )) = Re

{
zh′(z)− zg ′(z)

h(z)+ g(z)

}
> 0, (6)

where z = reiθ , 0 ≤ θ < 2π, r > 1. This classification (6) for harmonic univalent functions was first used by Jahangiri [7].
Notice that if we take n = 0 in the inequalities (4), then we obtain inequalities (6) and f (z) is meromorphic harmonic,

sense preserving, univalent starlike in Ũ .

2. Coefficient inequalities

In this section we obtain coefficient bounds. Our first theorem gives a sufficient coefficient condition for the class
MH∗(n).

Theorem 2. If f (z) = h(z)+ g(z) where |b2| ≤ (|α| − |β|)/2, h(z) and g(z) is of the form (2) and the condition

∞∑
k=1

k(k+ 2)n |ak| +
∞∑
k=3

k(k− 2)n |bk| + |b1| ≤ |α| − 3n|β| (7)

is satisfied, then f (z) is univalent, sense preserving in Ũ and f (z) ∈ MH∗(n).

Proof. In view of Theorem 1, f (z) is sense preserving and univalent in Ũ . Now it remains to show thatwhether the condition
(7) is sufficient for f (z) to be inMH∗(n). We use the fact that Re ζ ≥ 0 if and only if |1+ ζ | ≥ |1− ζ | in Ũ . Therefore, it is
sufficient to show that

|pn(z)+ 1| > |pn(z)− 1|, z ∈ Ũ, (8)

where

pn(z) =
2Mnf (z)−Mn+1f (z)

Mnf (z)
.
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From (8) we must have∣∣3Mnf (z)−Mn+1f (z)∣∣
|Mnf (z)|

−

∣∣Mnf (z)−Mn+1f (z)∣∣
|Mnf (z)|

> 0. (9)

Substituting for f (z) in (9) we obtain∣∣3Mnf (z)−Mn+1f (z)∣∣− ∣∣Mnf (z)−Mn+1f (z)∣∣
=

∣∣∣∣∣2αz − ∞∑
k=1

(k− 1)(k+ 2)nakz−k + (−1)n
∞∑
k=1

(k+ 1)(k− 2)nbkz−k
∣∣∣∣∣

−

∣∣∣∣∣ ∞∑
k=1

(k+ 1)(k+ 2)nakz−k + 23nβz+(−1)n
∞∑
k=1

(k− 1)(k− 2)nbkz−k
∣∣∣∣∣

= 2|z| |α| −
∞∑
k=1

2k(k+ 2)n|ak| |z|−k − 23n|β| |z| − 2|b1| |z|−1 −
∞∑
k=3

2k(k− 2)n|bk| |z|−k

= 2|z|

[
|α| −

∞∑
k=1

k(k+ 2)n|ak| |z|−k−1 − 3n|β| − |b1| |z|−2 −
∞∑
k=3

k(k− 2)n|bk| |z|−k−1
]

≥ 2

{
|α| −

∞∑
k=1

k(k+ 2)n|ak| − 3n|β| − |b1| −
∞∑
k=3

k(k− 2)n|bk|

}
≥ 0, by (7).

We next show that the above sufficient condition forMH∗(n) is also necessary for functions inMH
∗
(n). �

Theorem 3. Let the function fn(z) be defined by (3). A necessary and sufficient condition for having fn(z) ∈ MH
∗
(n) is that

∞∑
k=1

k(k+ 2)nak +
∞∑
k=3

k(k− 2)nbk + b1 ≤ α − 3nβ. (10)

Proof. In viewof Theorem2, it is sufficient to prove the ‘‘only if’’ part, sinceMH∗(n) ⊂ MH∗(n). Assume that fn(z) ∈ MH
∗
(n).

Let the z be complex numbers. If Re(z) > 0 then Re(1/z) > 0. Thus from (4) we obtain

0 < Re
{

Mnf (z)
2Mnf (z)−Mn+1f (z)

}
≤

∣∣∣∣ Mnf (z)
2Mnf (z)−Mn+1f (z)

∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
−αz −

∞∑
k=1
(k+ 2)nakz−k + 3nβz −

∞∑
k=1
(k− 2)nbkz−k

−αz +
∞∑
k=1
k(k+ 2)nakz−k + 3nβz −

∞∑
k=1
k(k− 2)nbkz−k

∣∣∣∣∣∣∣∣∣
≤

α|z| +
∞∑
k=1
(k+ 2)nak|z|−k + 3nβ|z| +

∞∑
k=3
(k− 2)nbk|z|−k + b1|z|−1

α|z| −
∞∑
k=1
k(k+ 2)nak|z|−k − 3nβ|z| −

∞∑
k=3
k(k− 2)nbk|z|−k − b1|z|−1

<

α +
∞∑
k=1
(k+ 2)nak + 3nβ +

∞∑
k=3
(k− 2)nbk + b1

α −
∞∑
k=1
k(k+ 2)nak − 3nβ −

∞∑
k=3
k(k− 2)nbk − b1

. (11)

From (11), it must be the case that

∞∑
k=1

k(k+ 2)nak +
∞∑
k=3

k(k− 2)nbk + b1 ≤ α − 3nβ.

Hence, the proof is completed. �
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3. Convex combinations

In this section, we show that the classMH
∗
(n) is invariant under convex combinations of its members.

Theorem 4. The class MH∗(n) is a convex set.

Proof. For i = 1, 2, . . . suppose that fn,i(z) ∈ MH
∗
(n)where fn,i(z) is given by

fn,j(z) = −αiz −
∞∑
k=1

ak,iz−k + βiz − (−1)n
∞∑
k=1

bk,iz−k.

Then, by (10),
∞∑
k=1

k(k+ 2)nak,i +
∞∑
k=3

k(k− 2)nbk,i + b1,i ≤ αi − 3nβi.

For
∑
∞

i=1 ti = 1, 0 ≤ ti ≤ 1, the convex combination of fn,i may be written as

∞∑
i=1

tifn,i(z) = −

(
∞∑
i=1

tiαi

)
z −

∞∑
k=1

(
∞∑
i=1

tiak,i

)
z−k +

(
∞∑
i=1

tiβi

)
z̄ − (−1)n

∞∑
k=1

(
∞∑
i=1

tibk+p−1,i

)
z̄−k.

Hence,
∑
∞

i=1 tifn,i(z) ∈ MH
∗
(n), since

∞∑
k=1

k(k+ 2)n
(
∞∑
i=1

tiak,i

)
+

∞∑
k=3

k(k− 2)n
(
∞∑
i=1

tibk,i

)
+

(
∞∑
i=1

tib1,i

)

=

∞∑
i=1

ti

[
∞∑
k=1

k(k+ 2)nak,i +
∞∑
k=3

k(k− 2)nbk,i + b1, i

]
≤

∞∑
i=1

ti
[
αi − 3nβi

]
=

(
∞∑
i=1

tiαi

)
− 3n

(
∞∑
i=1

tiβi

)
. �

4. A distortion theorem and extreme points

In this section we shall obtain distortion bounds for the functions inMH
∗
(n). We shall also examine the extreme points

for functions inMH
∗
(n)when fn is defined by (5).

Theorem 5. Let the function fn(z) be in the class MH
∗
(n). Then, for |z| = r > 1, we have

(α − β)r − (α − 3nβ)r−1 ≤ |fn(z)| ≤ (α + β)r + (α − 3nβ)r−1.

Proof. Suppose fn(z) ∈ MH
∗
(n). Taking the absolute value of fn we obtain

|fn(z)| =

∣∣∣∣∣−αz − ∞∑
k=1

akz−k + βz − (−1)n
∞∑
k=1

bkz−k
∣∣∣∣∣

≤ αr + βr +
∞∑
k=1

(ak + bk)r−k ≤ αr + βr +
∞∑
k=1

(ak + bk)r−1

≤ αr + βr + r−1
(
∞∑
k=1

k(k+ 2)nak +
∞∑
k=3

k(k− 2)nbk + b1

)
≤ (α + β)r + (α − 3nβ)r−1, by (10).

The proof for the right hand bound is similar to that given above and we omit it.
MH
∗
(n) is still not compact under the topology of locally uniform convergence. To see this, observe that for each fixed α,

form = 1, 2, . . . ,

fm(z) = −αz +
αm
m+ 1

z̄ ∈ MH
∗
(n)

but

lim
m→∞

fm(z) = −αz + αz̄ 6∈ MH
∗
(n).

Nevertheless, we can still use the coefficient bounds of Theorem 3 to determine the extreme points of the closed convex
hull ofMH

∗
(n) denoted by clcoMH

∗
(n). �
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Theorem 6. Let, for z ∈ Ũ,

hn,0(z) = −z, gn,0(z) = −z +
z̄
3n
, gn,1(z) = −z − (−1)nz̄−1, gn,2(z) = −z −

(−1)n

2
z̄−2,

hn,k(z) = −z −
1

k(k+ 2)n
z−k, k ≥ 1 and gn, k(z) = −z −

(−1)n

k(k− 2)n
z̄−k, k ≥ 3.

Then fn(z) ∈ clcoMH
∗
(n) if and only if it can be expressed in the form

fn(z) =
∞∑
k=0

[
xkhn,k(z)+ ykgn,k(z)

]
where xk ≥ 0, yk ≥ 0 and

∑
∞

k=0(xk + yk) = α.

Proof. Let

fn(z) =
∞∑
k=0

[
xkhn,k(z)+ ykgn,k(z)

]
with xk ≥ 0, yk ≥ 0 and

∑
∞

k=0(xk + yk) = α.
Then, we have

fn(z) =
∞∑
k=0

[
xkhn,k(z)+ ykgn,k(z)

]
= x0hn,0(z)+

∞∑
k=1

xk

[
−z −

1
k(k+ 2)n

z−k
]
+ y0gn,0(z)+ y1gn,1(z)

+ y2gn,2(z)+
∞∑
k=3

yk

[
−z −

(−1)n

k(k− 2)n
z̄−k
]

= −

∞∑
k=0

(xk + yk)z −
∞∑
k=1

xk
k(k+ 2)n

z−k +
y0
3n
z̄ − (−1)ny1z̄−1 − (−1)n

y2
2
z̄−2 − (−1)n

∞∑
k=3

yk
k(k− 2)n

z̄−k

= −αz −
∞∑
k=1

xk
k(k+ 2)n

z−k +
y0
3n
z̄ − (−1)ny1z̄−1 − (−1)n

y2
2
z̄−2 − (−1)n

∞∑
k=3

yk
k(k− 2)n

z̄−k.

Since
∞∑
k=1

k(k+ 2)n
xk

k(k+ 2)n
+

∞∑
k=3

k(k− 2)n
yk

k(k− 2)n
+ y1 =

(
∞∑
k=1

xk + y1 +
∞∑
k=3

yk

)
= α − y0 − x0 − y2 ≤ α − 3n

y0
3n

by Theorem 3, fn(z) ∈ clcoMH
∗
(n). Conversely, we suppose that fn(z) ∈ clcoMH

∗
(n); then we may write

fn(z) = h(z)+ gn(z) = −αz −
∞∑
k=1

akz−k + βz − (−1)n
∞∑
k=1

bkz−k

where α > β ≥ 0, ak ≥ 0, bk ≥ 0. We set

ak =
xk

k(k+ 2)n
, k = 1, 2, . . . , β =

y0
3n
, b1 = y1, b2 =

y2
2
,

bk =
yk

k(k− 2)n
, k = 3, 4 . . . .

Hence, we obtain

fn(z) = h(z)+ gn(z) = −αz −
∞∑
k=1

akz−k + βz − (−1)n
∞∑
k=1

bkz−k

= −

∞∑
k=0

(xk + yk)z −
∞∑
k=1

xk
k(k+ 2)n

z−k +
y0
3n
z̄ − (−1)ny1z̄−1 − (−1)n

y2
2
z̄−2 −

∞∑
k=3

(−1)nyk
k(k− 2)n

z̄−k
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= x0 (−z)+
∞∑
k=1

xk

[
−z −

1
k(k+ 2)n

z−k
]
+ y0

(
−z +

z̄
3n

)
+ y1(−z − (−1)nz̄−1)

+ y2

(
−z −

(−1)n

2
z̄−2

)
+

∞∑
k=3

yk

[
−z −

(−1)n

k(k− 2)n
z̄−k
]

=

∞∑
k=0

[
xkhn,k(z)+ ykgn,k(z)

]
.

This completes the proof of Theorem 6. �

Remark 1. The result of this work, for n = 0, coincides with that given by [3].
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