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1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a domain D C C if both u and v are real
harmonic in D. In any simply connected domain D we can write f = h + g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. The harmonic function f = h + g is sense preserving and locally one to one in
Dif |W(z)| > |g’'(2)| in D. See Clunie and Sheil-Small [1].

Forp > 1,n € N, denote by SH (n, p) the class of functions f = h + g that are sense preserving, harmonic multivalent
in the unitdisk U = {z : |z| < 1}, where h and g defined by

[e¢] o0
h@) =2+ ) az, g@= Y b lbupal<l, (1.1)

k=n+p k=n+p—1

which are analytic and multivalent functions in U.

Note that SH(n, p) reduces to S(n, p), the class of analytic multivalent functions, if the co-analytic part of f = h 4+ g is
identically zero.

Let f@ denote the gth-order ordinary differential operator, for a function f € SH (n, p), that is,

f2@) =hP@z) +g@(2)

where h@(z) = Pozp=0 4 3% a2 9and g9 = Y2, w25 > ¢.p € Ng € No =
NU{0},ne N,z e U.

Next, D™f @ (z) is defined by

D"f@(2) = D"V (2) + (= 1)"D"g@ (2) (1.2)
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where

k —
D™h@(z) = v - IJ' P71+ Z k-0” — klaqz"9 and
( k=n+p (] o )'

> k
Dmg(‘”(z) Z !1 'bkz M meNy,zeUl.
k=n+p—1 (k—q!

In view of (1.2), it is clear that
Df9(2) = h(2) +g(2)
D°fV(2) =h'@2) +¢g (2)
D'fO @) =zh'(2) — 28 (2).
For ¢ = 0, the differential operator D"f@ was introduced for the class S(1, 1) by Salagean [2] and modified for the class
SH(1, 1) by Jahangiri et al. [3].
We will use the notations
(i—qy.

il'=q¢, i=pkn+pn+p—1landj=m m+1.
(i—q)! '

Let
F(z) = (1 =M)D"fD@) + AD™'fD(z) = H(z) + G(z)(f(z) € SH(n,p),0 < A < 1)
where H and G are of the form

o0
H@) = (1= A+ip—-)gpz"+ > (1= A+ ik —@)qfaz,
k=n+p

[o¢]
G@) = (=D™ > ((1—=1) — Ak —q)gpbz* . (13)
k=n+p—1
Let SHgfp(q, A, o) denote the subclass of SH(n, p) consisting of functions f = h + g € SH(n, p) that satisfy the condition
zH' (2) — 2G (2)
Re ——
H(z) 4+ G(2)

where H(z) and G(z) are given by (1.3).
Denote by SH (n, p) the subclass of SH(n, p), consisting of harmonic functions f;;, = h+g,, where h and g, are of the form

}>a(p—q), O<a<1,p>qpeN,qeNyg=NU{0},neN,zeU) (1.4)

o0 (o]
h@) =2 - Y a2 gn@ = D" Y bzt a,b>0. (15)
k=n+p k=n+p—1
Define ﬁzp(q, A, @) = SH" (q, %, a) N SH(n, p).
The classes SH;",(q, 4, «) and S?:p(q, A, ) include a variety of well-known subclasses of SH(n, p). For example,
(i) SH?.](O, 0,0) = SH* is the class of sense-preserving, harmonic univalent functions f which are starlike in U
(see[4,5]);
(ii) Sﬁ?,l(o, 0, @) = SH*() is the class of sense-preserving, harmonic univalent functions f which are starlike of order
o in U (see [6]);
(iii) Q:J (0, 0, @) = HK () is the class of sense-preserving, harmonic univalent functions f which are convex of order
a in U (see [4]);
(iv) SiH?’p (0,0,0) = SH*(p) is the class of sense-preserving, harmonic multivalent functions which are starlike in U
(see [7]);
(v) SHT1 (0,0, @) = H(m, «) is the class of sense preserving, Salagean-type harmonic univalent functions in U (see [3]);
(Vi) SH} (0,0, @) = Sy(m + 1, m; @) (see [8]).
If the co-analytic part of f = h + g of the form (1.1) is identically zero and specialize the parameters, we obtain the
following subclasses:

(i) SHy »(q. 0, @) = S™ (q. (1 — &) (p — q). 1) (see [9]);
(ii) SH, ,(q, 0, &) = S%,(0, 1, (1 — &) (p — q)) (see [10]).



464 E. Yasar, S. Yalgin / Computers and Mathematics with Applications 62 (2011) 462-473

2. Properties of the class S_H:' ‘,(q, A, @)

Denote by SH*(n, p) the class of functions f,, = h 4+ g, for m = 0 of the form (1.5) which are sense preserving and
multivalent harmonic starlike, satisfying the condition ;’—e(arg fn(re?)) > 0, foreachz =re??, 0 <6 < 27,and0 <r < 1.

Lemma 1. Let f, = h + g, for m = 0 be of the form (1.5). Then f,, € SH*(n, p) if and only if

o0 (o]
Zkak—l— Z kb <p (p>1,neN).

k=n+p k=n+p—1

Theorem 1. Let f = h + g be given by (1.1). Furthermore, let

i (k—q—a@—q)(1—1r+rk—q) £|ak|
S, (A=) -+ 1) =1 -a)(p -9 =110 =2+ A0 - ) g7

% k— - 1—A) —ak— r 1
Py k—gq+a@—-q)l( ) — Ak —q)| q7k|bk|§5’

i1 (A=) =+ 1) = [ =) —q) = 1](A =2+ A —9) g5
XxXO0<a<1l,p>qpeN,qgeNyg=NU{0},ne N,z e U)

then f is sense preserving, harmonic multivalent in U, and f € SH,'}fp(q, A, ).

(2.1)

(2.2)

Proof. If the inequality (2.2) holds for the coefficients of f = h + g, then by (2.1), f is sense preserving and harmonic

multivalent in U. In view of (1.4), we need to prove that Re{w} > 0, where

y @ =260 —e@—9HE@) + 6] _ AR

H(z) + G@) - B@)’

Using the fact that Rew > 0 < |14 w| > |1 — w], it suffices to show that

|A(z) + B(2)| — |A(z) — B(z)| > 0.
Therefore we obtain

|A(z) + B(2)| — |A(z) — B(z)|

>((A-a)p-+ D) —|A-a)p—q — 111 =1+ 21— q)q, |zI"*

— Y 2(k—q—a@—a)(1 —r+rk—q)qy ||zl

k=n+p
— Y 2k —q+ap—)I(1— 1) — Ak — q)lg billz]
k=n+p—1
>((A-a)p-+1D)—[1-a)p—q — 1A -2+ 1D —q)g, lz|"*
. 2(k—q—oa(p—q)(1—r+rk—q) ay
x 1= > =K |y
i, (=)= + 1) = [0 =) —¢q =11 -4+ —q)q;

_ i 2(k—gq+a@—-—g)I(A-2) — Ak —q) a
e (A=) =+ 1) =1 =) -9 = 1A =2+ 4D =) g7

This last expression is non-negative by (2.2), and so the proof is complete. O

|bk| .

Corollary 1. For A < —

andoe > 1 — p%q, if the inequality

n+p—q
i (k—g—ap-ani-itik-a)a
k=n+p A—-x2x+A(p—0q) ng
(k—q+a(p—q)((1—2) —rAk—q) qF
" —1b 1— -
k=n+p—1 A=Xx+x(p—0q) qlr)n b = ( a)(p—q)

x0<a<1lp>qpeN,qeNy=NU{0})
holds, then f € SH,Tp(q, A, Q).
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1

Corollary 2. For A < ;——

andoe < 1— ﬁ, if the inequality

i (k—g—al—q)(1—2r+Arik=-0q)q

(1—=A+Ar(p—q) qmlakl
k=n+p ;
= (k—q+a(p—g)((1—%) —Ark—q) gl
+ @,
k=§,1 A=X1+r(pp—9q) qz1| Kl <

xO0<a<l,p>qpeN,qeNy=NU{0})
holds, then f € SH,Tp(q, A, Q).

Theorem 2. Let f, = h + g, be given by (1.5). Also, suppose that A < +;_q. Then
(i) fora =1~ L fn € ﬁzp(q, X, ) if and only if

$o kgmab o) —rtik-9)ap,
(1=%+2(p— ) a

k=n+p

= (k—g+a(p—q)((1—1) —Ak—q) g
prE A A 23
" k=§71 A—-x+r(p—0q) an k=< ( a)(p—q) (2.3)

(i) fora < 1— p%q,fm € @:p(q, A, @) ifand only if

i k—gq—a(p—q)(1—i+Ark—q)qy

k=n+p AI=2+2(p—q) a,
© (k= q+ap— )1 — 1) — Ak—q) qf
+ b 1. 24
Py -2 +r0—q) = 4

Proof. The “if” part follows from Theorem 1, Corollaries 1 and 2 upon noting that Sﬁ:p(q, Aa) C SH;fp(q, A, ). For the
“only if” part, we show that f;,, € ﬁ:p(q, A, ) if the condition (2.4) does not hold.

Note that a necessary and sufficient condition for f = h + g given by (1.5), to be in ﬁ:p(q, A, @) is that the condition
(1.4) to be satisfied. This is equivalent to

o0 m
1=0)@ -2 = 3 (k—q—a®@—0) 551700 gz

R k=n+p
¢ S Aatrl—a) Bk o (=0-Ak—a) B Siq
—q — U=ATAK—]G) 2k — _ 2 —A) — dk —
D> (=3rn(p—q)) g W? DY A=2+2(p—9) qF bzt
k=n+p k=n+p—1
m (=n—rtk=q) G} ~i=g
m =) —A(k— —
—(=1) > (IC—Q'HX(P—Q))mekZ‘ q
k=n+p—1
x S (A—idit—q) Bk ©  (=-Ak—=) B} Tkg
—q _— U=ATAK—q)) Tk — _ 2 —A)— — Ak —
D DR S ES TR a2l +EDT Y SR @ bizt~
k=n+p k=n+p—1
> 0. (2.5)

The above condition must hold for all values of z, |z]| = r < 1. Upon choosing the values of z on the positive real axis
where 0 <z =r < 1 we must have

0 m
_ —q) — _a_ _ A=r+2r(k—q) 9% . k—p
(I-a)p—9 k;y(k 4= (P = D) {Tgap=g) 4

oo m o0 m
_ A=r+rk=9) % . k—p A= —Ak=9) % , k—p
1= Y oo™ P+ 2 Ermpay o
k=n+p k=n+p—1

Zoo (=D -rk—) Gk
— — — MI7A)7ARTY)) Tk —p
k:n+p,](k q + a(p q)) (I=A+1(p—q)) qBT bkr

[e¢] m 00 m
_ A=dtrk=q) 9 . k—p A=W =Ark=9) Y , k—p
1= 3 (=r+r(p—q) qi %" + > =2 +x(p—9) qF byr
k=n+p k=n+p—1
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If the condition (2.4) does not hold then the numerator of (2.6) is negative for r sufficiently close to 1 because of conditions
(i) or (ii). Thus there exists a zg = 1y in (0, 1) for which the quotient in (2.6) is negative. This contradicts the required
condition for f € ﬁzp (g, X, @) and so the proof is complete. O

Next we determine the distortion bounds for the functions in ﬁ':p q, », @).

1

Theorem 3. Let f;, € ﬁzp(q, A, ). Also, suppose that & < - —.

Then for |z| = r < 1we have

() fora =155,

P—9(1—a)(1—=2+1r(p—q)q,
M+ A=) —)(1—21) —r(n+p—q)aps,

-1+ 040 —-)0 A +p— D), .
n+1A—a)@ - (1 -1 —rm+p—q)gy, ’

[fn@)| < (1 + bnyp-)r” + (

and
P -1 —a)(1—x+irp—q)q"
(n+1—a)p—)((1—1) — A +p— )y
=1+ 0+ -9 - +p— )y, [t
n+A-—a)@-) (-1 —rm+p—aqiah, "* ')

(i) fora <1— ﬁ,

fm@] = (1 - bn+p71)rp - (

(I=2+1(—9)q,
(n+1—a)p—)((1—1) — A +p— )y
=1+ 0+ -9 - +p— gy, [t

n+A-—a)p—-) (A -1 —rm+p—aqia, " * ')

fm@] < A+ bn+p—l)rp + (

and
(1=2+1(—9)qy
M+ A=) —@)((1—1) —A(n+p—@)dny,

=14+ A+ - )1 A0 +p— ), [
n+ (-G —a) (-0 —rn+p—angl, "

fm@] = (1 - bnﬂ?fl)rp - (

Proof. (i) We only prove the right hand inequality. The proof for the left hand inequality is similar and will be omitted. Let
fm € SH :p(q, A, a). Taking the absolute value of f;;, we have

[o¢]
@] < A+ bap- )" + Y (@ +byrt
k=n+p

o0
< (4 bup )P+ Y (a+bor™?
k=n+p

(I=2+2(—D)gy
m+ 0 —a)p—@)((1—21) —r(n+p— @),
i M+ A=) —@)((1—=21) —A(n+p—a)dyy,
Pt (I=A2+2(0—D)gy
(1=2+1(—q9)q,
M+ A=) —)((A—21)—A(n+p— @4y
.3 ((k—q o =) =h) +ik=—aaf
(I=A24+2(—9)gy

=1+ bn+p71)rp +

(ax + b)r"t?

< (1 + bn+p—l)rp +

k=n+p
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N (k=g+oa@—g)((1—-2) —rk—q)qy by ).
(I=2+2(0 - D)gy

Using Theorem 2(i), we obtain

-0 —a)A—=r+2rp—q9)qy
M+ 0-a)(Pp—g)((1—21)—A(n+p—Q)qny,
=1+ 0+ - ) —2n+p - D)y i
i+ A—a@—a)(A—n—rm+p—ang, ")

fm@| = A+ bn+p71)rp + (

The proof of other case is similar and so is omitted. O

The following covering result follows from the left hand inequality in Theorem 3.

Corollary 3. Let f;, of the form (1.5) be such that f, € ﬁ:p (q, »,a)and A < Then

1
n+p—q’
. 1
(i) fora = 1— =,
{ [ P-A—a)(A =21+ Al —q)qy
w:lwl < |1—-
n+A-a)p-—)((1=21) —2(n+p— D)4y
A -)@ =) (=2 = A0 +p =)y, + (1 =1+ T+ )P~ ) = A0 +p — D)4y, b ]}
1+ (1 -a)p—a)((1—%) — 21 +p— ), et

c fU),
.o ‘l
(i) fora <1 — et
{ [ I=2+20-9)qy
w:lwl<|1-—
n+ A=) p-)((1=21) —r2(n+p— D)4y

(@G -1 = h) AP @), + (= 1 ()P @)1 AP, ]}
M+ A —)@—a)((1 =) — A +p— )y e
c f).

Theorem 4. Let f,, be given by (1.5) and A < n+;7q. Then f, € clcosﬁzp(q, A, o) if and only if

fn@ =) (@) + yigm, @),

k=n+p—1

where hyip_1(z) = 2°, hy(2), fork=n+p,n+p+1,...is of the form

p_ - -)(-A+i0-) &, ., 1

) k—q—a(p—q)A—Ar+rk—q)g" >~~~ p-gq
po @@= —AtrP—a) %y 1
k—q—alp—g)(A =21+ rk—q)q p—q

and gy, (2), fork=n+p—1,n+p,...is of the form

P-@U-a)-4+rp-0) %y _,_ 1

2+ (=" —£Z* >1— ——
£ (2) = (k—q+a@—q)((1—21) —2rk—1q) g p—q
s 1—A4+A(p— n 1
24 (1 ( + A0 —q) q%fk; w<1_ 1
(k—g+a(@—g)((1—21) —Artk—0q) q; p—q
Xn+plzxp:1_(zxk+ > yk), X =0,y > 0.
k=n+p k=n+p—1

In particular, the extreme points of ﬁzp(q, A, o) are {hi} and {gp, }.
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Proof. Suppose o > 1 — p%q and

fn@ =Y @) + Yigm, (2))
k=n+p—1
i P—91-—a)d—-A+Ai(p—9q) ﬂxkzk
oty kK—q—a@— @)1 =4+ ik —q)q
L (em Z pP-—p—a)I—-2+rp—q) G

imykzk.
enrp1 k=a+a@—@)((A=21) =k —q) q;

2P —

Then

i (k—q—a(p—q))(l—A+k(k—q))ﬂa( P-—(-a)1=2+2(p—q) %TX)
L, - - -a+rp—-a) @ \(k—g—a@—a)(A—r+Ark—q)q
N i (k—q+oc(p—q))((1—A)—/\(k—q))ﬂbl( P-—0—a)d—A+21(p—9q) q;”k)
im0 =) (A =2+ —0q) qr \k—q+a@—9)((1—1) —rk—q)qy

o0 o0
=Y xt Y w=1-x%=<1,

k=n+p k=n+p—1
andsof, € ﬁzp(q, A, Q).
Conversely, if f;, € ﬁnm’p(q, A, @), then

o o -itrp-0) &
= k—g—a—)d—r+rtk—q) q"

and
b < P= QA= —A+4p—q) 9
T (k—q+a@—g)((1—2) —rtk—q) g
Set
k—q—ap—q)1 -1+ 1rk—0q)qy
k — —ay, k= s 1,...
- —atap—gy gt KTTERIEREL)
(k—q+oal@—g)((1—=1)—xrk—q)q]
— K. (k= -1,
T - —rtip—qy g KTnEPTLIER)
and

A XY

k=n+p k=n+p—1
where x, > 0. Then, as required, we obtain
o0 o0
@ =%+ ) @+ D nigm @)
k=n+p k=n+p—1

The proof for the casea < 1 — ﬁ is similar and hence is omitted. O

Theorem 5. The class Sﬁ:p(q, A, «) is closed under convex combinations.

1
n+p—q

Proof. Let A < and fp, € ﬁ:p(q, Aa)fori=1,2,3,..., where fy, is given by

[o¢] o0
f@=2"= " a+ D" Y bzt

k=n+p k=n+p—1
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Then by (2.3) and (2.4),
i k—gq—a(@—-q)(0 -2+ rk— q))qi’+ Z k—gq+alp—g)(A—4) —ik—9) g,
s (1—x+a(p—q) U (1—x+a(p—q) qr

I-a)p—q ifa=1-——

p—q
=<
1
1 ifa <1— ——
p—q
For Zfil ti = 1,0 < t; < 1, the convex combination of f;;, may be written as
o0 o0 o0
Yo =2- 3 (L) 3 (L
i=1 k=n+p \ i=1 k=n+p—1

Then by (2.7),

= <k—q—a(p—q>)<1—x+x(k—q)>q;?<°° o )
Z q!r)n ;lkl

A=2+x2(p—9)

k=n+p
n v k=—g+a@-—g)(1-21) —rk=-9)q
+ (-1 tib
D k:;_l (1= 2+21p—9) ap (Zl "’)
o X (k—q—a—q)1—r+rk— m
~S ¢ Z (k—q—a@—q) + A( q))% .
i s I-=2+21(p—9q) qr
m o k—g+ap—)((1-21) —rk—1q)qy
-1 7b{
e k;pzl A=A+ Arp—1q) ay "}

1
(1—a><p—q>2t,—(1—a>(p—q) ffo=1-—
i=1

1 t=1 ifa<1— ——
Z i —
This is the condition required by (2.3) and (2.4) and so Zfﬁl tifm; (2) € S?Zp(q, o) O

Theorem 6. Let 1. < andoy > 1— — For o < da,

n+p q

SiHnm.p(qv )"» 012) C SiHn,p(qv )\'» a])'

Proof. Let A < m >1- ﬂ ,o1 < azand fi,(2) € San(q, A, 062).

i (k—q—arp =) —h+rk=q) @
A—r+rp—a)d—a) g

k=n+p
= k=gt — )= 1) — k=g g
T <
B Y e R e L
§ kg —0) i) @
A C Py W <TG R R
= (k= gt — )l =2 — k- g
" <
T G- g™
<1

’

then fn(2) € SH, ,(q. A, 7). D

ki

469

2.7)



470 E. Yasar, S. Yalgin / Computers and Mathematics with Applications 62 (2011) 462-473

3. Neighborhoods for the class S_Hr’p (q, ), @)

Following Goodman [11] and Ruscheweyh [12] (see also [13,14,10], [9]), we define the set of the §-neighborhood of
f=h+geSH(n,p),

o0 o0
NS (9 @) = {gm eSHn.p) :gm(@) =2"— Y AZ*+ (=™ > Bz Aw.B > 0,Byipy < 1,and
k=n+p k=n+p—1

o0

© - 1! -1
Z (= (= gl = Al + b — By P Dt =D

nm+p—1—9)!

|bn+p—l - Bn+p—1| <48,6> 0]~ (3.1)

In particular, for the function h(z) = zP, we immediately have

o] o0
Nop (W7 g0) = {gm €SH(,p) i gn@) =2" = Y A+ (D" > B,

k=n+p k=n+p—1
k! n+p—Dn+p-1
Ak,Bk>OBn+p1<1andZ L+ SIRZ DI D <sss0p (32)
oty (K= @)! (n+p—1-0q!

Theorem 7. Let A < Af gm(2) € SHn (@ &, ), then

n+p q’
SH, (@, ko) C N2 (h'?; g9,
where h(z) and g,,(z) are given by (3.2),

()foro:>1—ﬁ

_ 4+p-op-q (+pO-—1+0+a)P—g)A -4 -0 +p—1—0)G,
S+ (-—a)(p—q) x ¥ m+(1-a)p—q@)A -2 —-A(n+p—q)n+p—qQ"

_(+p—Dn+p-1)
(n+p_1_q)! n+p—1,

(ii) for o <l—ﬂ

Tt (-p-9) x¥ m+AQ-a)p-—)A -2 —-2(n+p—q)n+p—q"

n+p—Din+p— 1))
- n+p—1,

(n+p) ~ (<n+p>(n— 1+(0+a)P—a)(1—r—in+p—1-a)qr,,

n+p—1-9)!

and

v — A—-=r—-An+p—q@)n+p—™
(1 =2) + 21— @)qyr '

Proof. Let g,(z) € ﬁzp(q, Aa)ando > 1— ﬁ We need to show that g,(z) € N ,(h'?; 239y 1t suffices to show that
g satisfies the condition (3.2). In view of Theorem 2 (i), we have

k!
[Z(k— —alp— q))( )Ak+ Z(k q+a(p—q))( q)!Bki|

k=n+p k=n+p
m=—1+0+)p—-)T—r—rn+p—1-09)q;,,
(=2 + 21— )qy

=(-a)p—-9 -

Bn+p—l~
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Then,
o k! A1-a)p—9q
—k A(*'B =—
k;p((k_q)!>(l k) N
-1+ 4@ - —A A0 4p -1,
U (1= %+ p — ) e
<k
+(@+a—q) k;p m(f‘k + Bi)
_-ap-9 @-1+04+00 )0 -2 -t0t+p—1-a)a,
= v (1—A—in+p—q)n+p—qr e
@+ap—q) — K
—_— I A B( ’
T l(:;-p(k_Q)!<( B

so that,

e k! (n+p(d-—a)p—0q
——k ) (Ax +Bp) <
k;p<<k—q)!‘)( B S G wp - x ¥

AP -1+ A+ —@)A = A=A +p—1—)Gy,p
n+A-a)p—)A -2 —-r(n+p—q)n+p—qQ"
_s_tp-Dint+p-1)
n+p—-1-—9)!
which, in view of definition (3.2), completes the proof of Theorem 7. The proof of other case is similar and so is omitted. O

n+p—1

n+p—1

Remark 1. If the co-analytic part of g,,(z) for m = 0 is identically zero, then forp = 1, = > = m = 0 and
p =m = 1,q = A = 0 the above neighborhood results were given in Theorem 2.1 and Theorem 2.2 of [13], respectively.

Corollary 4. If g,,(z) for m = 0 is in the class ﬁ?’p(o, 0, ), then

——0
SH, (0,0, ) C N} ,(h®; gi),
where h(z) and gn(z) are given by (3.2) and

p(1+p)(1—a) (p(1+p)(1+a) 1)3 1
— — D az‘l_i
5 — 14+p(1—0w) 1+p(1—w) pP—q
- (1+p) (p(1+p)(1+a) 1)3
- - D a<1———.
14+p(1—0a) 14+p(1—0a) pP—q

Corollary 5. If g,,(z) for m = 0 is in the class ﬁ?yp (0, 0, 0), then
——0
SH, ,(0,0,0) C N7 ,(h¥; g\,

where h(z) and g,,(z) are given by (3.2) and
8 =p.

Corollary 6. If g,(z) is in the class SHj , (0, 0, 0), then

—1
51(0.0.0) (1 ),
where h(z) and g, (z) are given by (3.2) and

1
§ =—=(14+By).
2(+1)

Corollary 7. If g,,(z) is in the class S?T 1(0,0,0), then

STITJ(O, 0,0) C N2 ,(h; g©),
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where h(z) and g,,(z) are given by (3.2) and
1 1
5=f_(f_1)31.
2m 2m

Theorem 8. Let A < nﬂlﬁ’fm € ﬁ:p(q, A, ) and

(i) foroa = 1— 1,

— 1!
5 < M[p—ﬂx(l—a)(p—q)

m+p-n—1+0+a)p—@)A -2 —2(n+p—1-q)q,,
- (n +p - ]) bn+p71
n+A-a)@p-—-)A—-A—-A(n+p—q)n+p—qQmn+p—1!

(ii) fora <1— ﬁ,

5 - <"+P—1>'[ 5
T (m+p—-1-9)!

—l(n— — —A— - -
<(n+p Pn—1+0+a)p—)(1—1—r(n+p—1 q))qn+p—1_(n+p_1))bn+p1}

m+A-a)p—@)A -2 —-An+p—q)n+p—qgmn+p-—1)!
then
N3, (9 gi) C SH*(n, p),
where
- (=D +rp—-@)n+p—qlqgy .
m+A-a)p—@)A -2 —An+p—q)n+p—gmn+p-—1)!

Proof. leta > 1 — ﬁ Also, suppose that f,(z) € Sﬁ:p(q, A, @) and g, (2) € N,f’p D). g). We need to show that
gm(z) € SH*(n, p). It suffices to show that g, satisfies the condition (2.1). We have

Z k(Ax +B) + (n+p— DByyp1 < Z k[lax — Akl + |bx — Bkl + (n+p — 1)|bysp—1 — Brip—1l
k=n+p K=ntp
o0
+ Z k(ag + b)) + (N +p — Dbnyp—1
k=n+p
(n+P—1—q)!|: ©
IV k[lax — Al + |bx — Byl]
(n+p—1! ,;n;p (k- q)!
(n+p—Dn+p—1)
mMtp—1—q)! [bryp—1 — Bn+p1|:| +(M+p—Dbuyp
= ((k—q—a@—q)1—r+Ark—q))q"
o (Z ((< R N e T VY )
o =2+ —q) a
+(k—q+oc(p—q))(1—A—)L(k_q))ﬂbk
(I—=A+ip—9) qr

_ — |
<(n+p 1—¢q)!

ntp—1l 8+ (+p—Dbppq + 2 x ((1—0t)(P—Q)

_(”—1+(1+04)(P—Q))(1—)\—)L(n+P—1—Q))qnm+p—1b
(1= %+ — @)qy qr )
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Now this expression is never greater than p provided that

+p— 1!
b= -2 x -0k -0
((n+p—q)!(n—1+(l +)P—)A—A—A(n+p—1-9)ay, 4
m+AQ-a)p—)A—-2—An+p—qg)n+p—qQmn+p-—1)!

The proof of other case is similar and so is omitted. O

—(n+p— 1)) bnip-1

Remark 2. Form =1,n=p =1,q = A = « = 0, the above neighborhood result was given in [15].
Corollary 8. If f,(z) is in the class ﬁT’l (0, 0, 0), then

SH7,(0,0,0) C N2 (£ g\,
where f,,(z) and g, (z) are given by (1.5) and (3.2), respectively, and

=11 ! 1—-b
—( _2”7)( — by).
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