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SUMMARY

We generalize the concepts Spherical Tangent Image, Spherical principal
Normal Image, Spherical Normal Image, and Spherical Indicatrix. Further, we
give different expressions of higher curvatures of a curve, and present some general
results about them.

OZET

Bu makalede Kiiresel Teget Goriintiisii, Kiiresel Asli Normal goriintiisii, Kiiresel
Normal Gériintii ve Kiiresel Gdosterge kavramiarint genellegtirdik, Bundan baska bir
egrinin yiiksek mertebeden egriliklerini degisik bicimlerde ifade ettik ve onlarla il-
gili olarak bazi genel sonuglar sunduk.

0. INTRODUCTION

The spherical Images may be found in many Differential Geometry Text
Books [Altin, (1979), (1986), (1987)]. The key manuscripts abouf the higher
curvatures of a curve are given in 1966 by GLUCK. I think, the results, which we
found, help us for understanding Differential Geometry with many-sided.

1. PRELIMINARIES

DEFFINITION 1.1: Let (¥, U) be a coordinate neighborhood for the subma-
nifold M. This means that the mapping : U = M is a diffeomorhism. Then

Y i Tgr(w) > Ty (W (w))

is a linear transformation which corresponds to the Jacobian matrix /. We denote
the adjoint of U4 by ‘,D* whic is a transformation.

DEFINITION 1.2: w*:T;I (¥ @) ~> THr ()
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where Ty (¥ (u)) and Tjr (u) are the dual spaces of Ty (¥ (u)) and Tgr (u),

+*
respectively. The vector spaces TIT/I (¥ (u)) and Tgr (u) are the cotangent spaces

at the corresponding points.
DEFINITION 1.3: Let U be an Euclidean neighborhood A 1-form w is a

mapping
w:U > uq* (x),xEU
where the union is taken over all x € U, such that p o w : U~ U is the identity
mapping
* * B
P :UTU (x)=+U, t, € TU (x), P(ty)=x

DEFINITION 1.4: A vector field is a function
X:U=> UTU (m)
Such that .
PoX:U~->U
is the identity mappmg, and
P: UTU(x) = 1. P(t ) =x,t €Ty (x).

DEFINITION 1.5: Let (%;, ..., Xy) be a Euclidean coorinate system in E“,

then 2 L aed is a basis of the vector space x,, of all the parallel vector
axl P

)
X,
fields on En and [dx, ... dxn] is the dual basis of dual space £2 of Xp- Let M be
a r-dimensional submamfold of EM with local coordinates (u,, ....,u ¢) given by

X =% (uy,....;u), 1<i<n

Then a 1-form on M has the analytic expression

'S axi du; O 9

p)
hi=1 auj I axi

where O denotes the tensor product. Hence, w € T{] (u) O TM (m)

W=

2. THE MAIN RESULTS

DEFINITION 2.1: If the initial points of all the unit tangent vectors X; of
a curve a in EM are shifted to the origin, their new end points trace out a curve o

(;XI ) # 0. This

new curve is called the spherical indicatrix (or spherical tangent lmage) of the curve a.

(s) on the unit sphere, where X; =a, ( ), and = dX, (

PROPOSITION 2.2: Let a be a curve in E®, Let & (s) be the spherical indi-

catrix (or spherical tangent image) of a, Let s be arc length on the spherical indi-
catritx, then

dF
tlz T ds
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Where s denotes arc-length on a, and t, , denotes the first curvature of the curve a.

PROOF: Assume that « is a regular arbitrary speedcurve in E“, then we know
that

ds % ds
=lall, 3t =9

where & denotes the derivative of o with respect to t. In the same way, we may
write

2 %, 0
a -
: S
where X, denotes the derivative of X, with respect to t. Now let's write the at
detaily,
ds : ds dX; ds
; aX, _ ds .
From the equations —— t,,X,,and ke || a|l we have
.
ds - dt
ds ds
dt
ds X
ds llell
dX, ds
ds e T
ds el
ds__ ht,, X, 91l
ds 9
ds
st

where X, is the second vector of the Frenet Frame along a. Hence, we have proved
our proposition.

DEFINITION 2.3: If the initial points of all the unit vectors X; of a curve o in
ED are shifted to the origin, their new end points trace out a curve & (s) on the unit
sphere, where X; denotes the ith orthonormal vector of the Frenet Frame along a.
This new curve is called the ith spherical indicatrix of the curve a.
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PROPOSITION 2.4: Let « be a curve in EP, Let & (s) be the it spherical
indicatrix of a, and Let § be arc length on the ith spherical indicatrix, then

ds .
<i<n-—1
G <lt_ I+nel, 2<i<n
or
d—;—-<.|1t N+ut ., I, 2<i<n—1
ds (i—1)i i(i+t1)

where s denotes arc length on «, and ti(i+ 1) denotes the ith

curve a.
PROOF: Let « be a regular arbitrary speed-curve in E“, then we may write

curvature of the

=d

ds 5
T el er g

where o denotes the derivative of a with respect to t. In the same way, we have

*

el B

where X; denotes the derivative of X; with respect to t. We can write that

*

ds .
=Xl
e T i
dat "Tds T at
From the result i t % + 1 ® I
sults =— =
ds =i Vi1V Y1y Xy g =l
we have the following.
ds
ds dt
ds  ds
dt
ay Xl
ds el
dX;
—. 45
d% ds 'dt
ds el
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*
ds =t )i Xi— 19+ 4 )X 41 9l

ds v

*

ds & "
a5 <Mty Hti(iJrl)”

where X; denotes the ith vector of the Frenet Frame along o. Hence the proof is
completed.

DEFINITION 2.5: If the initial points of all the unit vectors Xj of a curve o
in EM are shifted to the origin, their new end points trace out a curve o* (s) on the
unit sphere, where X: denotes the j?h vector of the Frenet Frame along «. This new
curve is called the jt.h spherical indicatrix of the curve c.

PROPOSITION 2.6: Let a be a curve in E", Let % (s) and *¢ (s) be the ith
and jtM spherical indicatrices of o, and Let § and*s" be arc lengthes on the spherical
indicatrices, then,

* !
ds I ti—niXi—1t g+ pXis !

& &
ds° 74— X—1 T g+ p Xyl

where ti(i +1) and tj(:i +1) denote the ith and jth curvatures of a respectively.

PROOF: Let « be a regular arbitrary speed-curve- in En,'then we may write

* *

=Xl and

S
dt dt I XJ' I

where X; and Xj denote the derivatives of X; and Xj with respect to t respectively.

Now, we know that
d * % dX.

*
ds Xi  ds ds ds
=Xl = . and =X == A
= I X =l Sl and =il =
dX;
i n
From the equations & t{i—l)i Xi—l ti(i+1) Xi+1’ and
dX;

] 5

— =t X, +t . X, 7 we obtain that
ds G—1i j—1 jG+1) j+1-

*
ds
gz O
g A
dt
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ar It — 1% — 19 Y4 X+ 12

* &

ds’ 1=t i X —19 g+ Fi+ 1 P
af Mt i Xi— 1t e Kie
a5’ -

bi—1iXi—1 G+ X+l

This result compeletes the proof of our proposition.

DEFINITION 2.7: If the initial points of all the vectors X, of a curve a in
E" are shifted to the origin, their new end points trace out a curve & (s) on the
unit sphere where X, is the ntP vector of the Frenet Frame along a. The new curve
is called the nth spherical indicatrix of the curve c.

PROPOSITION 2.8: Let « be a curve in E, Let & (s) be the n'M spherical
indicatrix of @, and let s be arclength on the nth spherical indicatrix then,

; _ 95
(n—1)n  ds

where s denotes arc length on «, and t(n - 1)n denotes the (n — I)Fh curvature of
the curve a.

PROOF: Let « be a regular arbitrary speed-curve in En, then we may write

ds ds
g =9 ad ——=1XI
where Xn denotes the derivative of Xn with respect to t. Again we know that
G _plm
dt ds =~ dt
. dX s
f i ' ti S a8k
If we think the equations i t(n = Xn 1 gnd m ¥ we see
that
ds
ds dt
ds  ds
dt
das 11X,
ds el
”ﬂ _‘.-1§_;|
\\—b d? _ dS dt
o5 ol
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a5 Mn—1nXn—170l a3
ds 9 * o ds *t(n—nn

where X, _ 1 denotes the (n — 1)'fh vector of the Frenet Frame along a. This
completes the proof of our proposition.

PROPOSITION 2.9: Let  be a curve m E", let a (s) and & (s) be the first and

ith spherical indicatrices of a, and let § and § be arc lengthes on the spherical indi-
catnces, then

d
d

e, X, I

1I_t(i—-1)ixi~—1+ti(i+1)Xi+1"

s
*
5

where t, , and t; (i+1) denote the first and ith curvatures of a regpectively.

PROOF: Let « be a regular arbitrary speed-curve in E?, then we have

ds Y
T =X, I and 3

=%

where X; and X, denote the derivatives of X, and X; with respect to t respectively.
Again we can write,

ds dX d ds dX;

1 S 1 d
= .——1l and = el F
dt ds dt dt ds dt
o dX,
From the equations_*—d-s--- t ,X,, and
dx;
T——t(i_l)ixi_1+ti{i+1)x we have
ds Il ty Xz L
— =
~ 9+
a5 14 g e Y0 K P
or
ds I'ty, X,
P, X, L+t X |
=t i %=1 e+ Biea !

Hence, we have proved our proposition.

PROPOSITION 2.10: Let & be a curve in E“ Let o (s) and & (s) be the first
and nth spherical indicatrices of a, and let s s and § be arc lengthes on the spherical
indicatrices, then
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ds l ts |
ds Yn—1)n

where t,, and t(n—l)n denote the firstand n'! higher curvatures of « respectively.

PROOF: Let a be a regular arbitrary speed-curve in E™, then we obtain

e

ds ds _
—ar =NX 0 and —==1X, 1

where X, and X,, denote the derivatives of X, and X;, with respect to t respectively.
On the other hand we know that

ds dx ds ds dX ds.
= —.——| and = —2 . =
dt ds dt dt ds dt :
; ; dX, dXp
If we think the equations ? = 2}(2, and —~d—s— =— t(n—l)n xn—l we
see that
ds” e, X, ds 1 B I
= or =|
ds = t(n—l)n xn -1 I - ds t(n —1)n

This result completes the proof of our proposition.
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