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SUMMARY 

We generalize the concepts Spherical Tangent Image, Spherical principal 
Normal Image, Spherical Normal Image, and Spherical Indicatrix. Further, we 
give different expressions of higher curvatures of a curve, and present so me general 
results about them. 

ÖZET 

Bu makalede Küresel Teğet Görüntüsü, Küresel Asli Normal görüntüsü, Küresel 
Normal Görüntü ve Küresel Gösterge kavramlarını genelleştirdik. Bundan başka bir 
eğrinin yüksek mertebeden eğriliklerini değişik biçimlerde ifade ettik ve onlarla il­
gili olara k bazı genel sonuçlar sunduk. 

O. INTRODUCTION 

The spherical Images may be found in many Differential Geometry Text 
Books [Altın, (1979), (1986), (1987)]. The key manuscripts about the higher 
curvatures of a curve are given in 1966 by GLUCK. I think, the results, which we 
found, help us for understanding Differential Geometry with many-sided. 

1. PRELIMINARIES 

DEFFINITION 1.1: Let (ı/1 , U) be a coordinate neighborhood for the subma­
nifold M. This means that the mapping ı/1: U~ M is ·a diffeomorhism. Then 

ı/I*:TEr (u)~ TM (ı/l(u)) 

isa linear transformatian which corresponds to the Jacobian matrix ı/1. We denote 
the adjoint of ı/1* by ı/1* whic isa transformation. 

* 
** 

* * * DEFINITION 1.2: ı/1 :TM (ı/1 (u)) ~ TEr (u) 

Hacettepe üniversitesi Fen Fakültesi Matematik Bölümü. 
Uludağ üniversitesi Necatibey Eğitim Fakültesi Fen Bilimleri Eğitimi Bölümü. 
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where T;t (ı/J (u)) and T~r (u) are the dual spaces of TM (ı/J (u)) and TEr (u), 

* * respectively. The vector spaces TM (ı/J (u)) and TEr (u) are the cotangent spaces 

at the corresponding points. 
DEFINITION 1.3: Let U be an Euclidean neighborhood A 1-form w is a 

mapping 

w :u __,. u~ (x) , x E u 

where the union is taken over all x E U, such that p o w : U -+ U is the identity 
mapping 

* * P: UTU(x)-+U, txETU(x ), P(tx) = x 

DEFINITION 1.4: A vector fieldisa function 

X : U-+ UTU (m) 
Such that 

Po X :U-+ U 

is the identity mapping, and 

P:UTu(x)-+ U. P(tx) =x,tx ETu(x). 

DEFIN ITION 1.5: Let (x 1 , •• • , Xn) be a Euclidean coorinate system in En, 

then [-aa , .... ,-aa ] is a basis of the vector space Xp of all the paraHel vector 
Xı xn 

fields on En, and [ dx1 , •• •• , dxnJ is the dua! basis of dual space n of Xp· Let M be 
a r-dimensional submanifold of E" with local coordinates (u 1 , . .•• , ur) given by 

xi = xi (u 1 , .•.• , ur) , 1 ~i ~ n 

Then a 1-form on M has the analytic expression 

n, r a X i _a __ 
w= L -a u. du1. o 

' · ı "' 1 J a xi 

* where O denotes the tensor product. Hence, w E Tu (u) O TM (qı) 

2. THE MAIN RESUL TS 

DEFINITION 2.1 : If the initial points of all the u nit tangent vectors X1 of 
a curve o: in En are shifted to the origin, their new end Roints t race out a curve a 

_ a dX1 • a 
(s) on the unit sphere, where X1 - o:* <a;-), and d;- = dX 1 <a;-> =1= O. This 

new curve is called the spherical indicatrix (or spherical tangent image) of the curve o:. 

PROPOSITION 2.2: Let o: be a curve in E" , Let a (s) be the spherical indi· 
catrix (or spherical tangent image) of o: , Let s be are Iength on the spherical indi· 
catritx, then 
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Where s denotes arc-length on a, and t 1 2 denotes the first curvature of the curve a. 

PROOF: Assume that a is a regular arbitrary speedcurve in En, then we k now 
that 

~= ıı · ıı~ =~ 
dt a ' dt 

where & den o tes the derivative of a w ith respect to t. Jn the same w ay , we may 
write 

ds 
-= IIX ll dt ı 

ds 
where X1 denotes the derivative of X 1 with respect to t . Now let's write the~ 
detaily , 

ds 11 x 11 ds = 11 dxı ~ 11 dt"" = ı ' dt ds · dt · 

dX1 ds . 
From the equations ~ = t 1 2 X2 , and dt= ll a ll we have 

ds 

ds 

ds 

ds 

ds 

ds 

ds 
ds 

ds --
dt 

ds 
dt 

IIXıll 

Ila ll 

dX 1 ds 
ll<fS ·(itll 

ll o: ll 

where X2 is the second vector of the Frenet Frame along a:. Hence, we have proved 
our pro position. 

DEFINITION 2.3: If the initial points of all the u ni t vectors Xj of a curve a: in 
En are shifted to the origin, their new end points trace out a curve ~(s) on the unit 
sphere, where Xi denotes the i~h orthanormal vector of the Frenet Frame along a. 
This new curve is called the i.th spherical indicatrix of the curve a. 
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PROPOSITION· 2.4 : Let a be a curve in E", Let ~ (s) be tb~ i~h spherical 
indicatrix of a, and Let l be are Iength on the i~h spherical indicatrix, then 

d~ 
-d-.~ ll t. ı ll + ll t. ll , 2 ~ i ~ n - ı s ı - ı 

or .. 
:: ~ llt(i-ı)ill+llti (i + ı )ll' 2~i~n-1 

where s denotes are length on a , and t1 (i+ ı) de no tes the i!h curvature of the 
curve a. · 

PROOF: Let a be a regular arbitrary speed-curve in E0
, then we may write 

ds ds 
dt=llall or dt=ıJ 

where a denotes the derivative of a with respect to t . In the same way, we have 

d~ 
dt=IIXıll 

where X1 denotes the derivative of Xi with respect to t . W e can write that 

d~ 
ctt=IIXill 

d~ 
1 

dXi ds 
dt- = l ı ~. dtıı. 

dX. d 
ı s 

From the results --= - t X + t X and --= ll cı ll 
ds (1-ı)i i-1 i(i+l) i+l' dt 

we have the following. 
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--=---
ds 

d~ 

ds 

dt 

--= 
ds 

dX· 
11--ı _ ~,l 

ds dt 

ll all 



d; 11 -t(i - l)i xi -ı0+ti(i + l )xi +ı 0 ll 
- - = 
ds O 

* ds 
~~ll t(i- l )i ll + ll t i (i+ ı) ll 

where Xi denotes the i~h vector of the Frenet Frame along a. Hence the proof is 
completed. 

DEFINITION 2.5: If the initial points of all the unit vectors Xj of a curve a 
in E" are shifted to the origin, their new end points trace out a curve *a* (s) on the 
unit sphere, where Xj denotes the j~h vector of the Frenet Frame along a. This new 
curve is called the j~h spherical indicatrix of the curve a. 

PROPOSITION 2.6: Let a be a curve in En, Let ~(s) and *<! (s) be the i~h 
and j~h spherical indicatrices of a, and Let ~ and *s* be are Iengthes on the sp h erical 
indicatrices, then, 

* ds 

** ds 

11- t(i-ı)i xi- ı+ ti(i + ı)xi +ı ll 

11-to-ı)jxj-ı +tio+ı)xi+ıll 

where ti(i +ı) and tj(J +ı) denote the i ~h and j ~h curvatures of a respectively. 

PROOF: Let a be a regular arbitrary speed-curve. in En ,"then we may write 

* ** d s d s 
-dt-= ll X i ll and "dt"= ll xj ll 

where Xi and Xj denote the derivatives of Xi and Xj with respect to t respectively. 
Now, w e k now that 

* dX ** dXı· d ds i ds d s s dt= ll Xi ll = ll ds . -dt ll and _ d_t_ = ll Xi ll = ll --;ı;-. dtll .. 

d X· 
From the equations -d!-==- t(i _ ı)i X i_ ı+ ti (i + ı) Xi + ı , and 

dXj 

Ts=- to - ı)i xi - ı + ti O + ı) xi + ı 

* ds 
d; dt 

----
* * * * d s d s 

dt 

we obtain that 
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d; 11 - t(i - ı)i xi - ı ı?+ t i (i + ı) xi + ı ı? ll 
-- == 
d*s* 11 - t0 _ ı)i xi _ı ı?+ tHi +ı)xi + ı ı? ll 

d; ll - t(i - ı) i xi -ı+ ti (i + ı ) x i + ı ll 
- - = 

** 
d s 11 - t0 _ ı)i xi _ı + tiO + ı) x i + ı 11 

This result compeletes the proof of our proposit ion. 

DEFINITION 2.7: If the initial points of all the vectors Xn of a curve a in 
E" are shifted to the origin, their new end points trace out a curve Cl (s) on the 
unit sphere where Xn is the n~h vector of the Frenet Frame along a. The new curve 
is called the n~h spherical indicatrix of the curve a. 

PROPOSITION 2.8: Let a be a curve in En , Let a (s) be the n~h spherical 
indicat rix of a, and Jet s be arclength on the n~h spherical indicatrix then, 

ds 
t = --
(n-ı)n ds 

where s denotes are Iength on a, and t(n _ ı)n denotes the (n- ı)~h curvature of 
the curve a. 

PROOF: Let a be a regular arbi trary speed-curve in En , then we may write 

ds 
--= ı? 

d t 
ds 

and "dt= ll Xn ll 

where Xn denotes the derivative of Xn with respect to t. Again we know that 

-~ 
"" dX ~= 11 --n- ._QL_II 

dt ds dt 

dXn d 
If we thin k the equations -d- == - t X , and _ s_ == ı? we see 

s (n- ı)n n- ı . dt 
that 

ds 
ds ~ 

ds ds - -
dt 

ds ll Xn ll 

ds Il a ll 

d X 
1\ ds 

11 - -n ._QL_II ... ds dt 

· ds Il a ll 
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ds 
ds 

llt(n-ı)n xn- ı~ ll 

~ 

ds 
--=t 

ds (n- ı)n 

where Xn - ı denotes the (n - ı)~h vector of the Frenet Frame along a. This 
completes the proof of our proposit ion. 

PROPOSITION 2.9: Let a be a curve in En, !eta (s) and tı: (s) be the first and 
i~h spherical indicatrices of a, and !et s and ~ be are lengthes on the spherical indi­
catrices, then 

ds 

d~ 

where t 12 and ti (i+ ı) denote the first and i~h curvatures of a re~ectively. 
PROOF: Let a be a regular arbitrary speed-curve in En, then we have 

ds 
-=IIX ll dt ı 

and 
d~ 

-=ll X-ll dt ı 

where X1 and Xi denote the derivatives of X1 and Xi with respect to t respectively. 
Again we can write, 

ds dXı ds d* dX-
--=11--.--11 and -5-=11--1- . ~11. 
dt ds dt dt ds dt 

dXı 
From the equations.~= t

1 2
X2, and 

dXi 
~=-t(i-ı)ixi-ı +ti(i+ı)Xi+ı we have 

ds ll tı2 x2 ~ll 

d~ ll- t(i- ı)i xi-ı~+ \i+ ı) xi + ı~ 11 

or · 

Hence, we have proved our proposition. 

PROPOSITION 2.ıo: Let a be a curve in E", Let a (s) and (i (s) be the first 
and n~h spherical indicatrices of a, and Jet s and s be are lengthes on the spherical 
indicatrices, then 
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ds ıı2 --= ı _ ____::_-=.___ 

ds t(n - l)n 

where t 1 2 and t(n-l)n denote the first and n ~h higher curvatures of a respectively. 

PROOF: Let a J:>e a regular arbitrar~ speed-curve in En, then we obtain 

and ds =ll x 11 
dt n 

where X1 and Xn denote the derivatives of X1 and Xn with respect to t respectively. 
On the other hand we know that 

d;- dX1 ds 
-=11-- .-11 
dt ds dt 

and 
d'S dXn ds . 
-=ıı--.-11 
dt ds dt 

dX1 dXn 
If we think the equations --;-- = t12 x2' and ds=- t(n-1)n xn-1 we 

see that 

ds ll t12 x 2 ll 

ds ll- t(n-l)n xn- ı ll 
or 

ds t 12 

ds =1. t(n-l)n 

This result completes the proof of our proposition. 

REFERENCES 

i. ALTIN, A.: The Euler Theorem For Hypersurfaces, Ph. Deg. Thesis, 25-52, 
1979. 

2. ALTIN, A.: A General Cooperation Theorem For M-Polygons, The Journal 
of the Dental Faculty of Marmara University, 16, 99-100, 1987. 

3. ALTIN, A.: A General Cooperation Theorem For 3-Polygons Related With 
3-Hypersaddles, The Journal of the Dental Faculty of Marmara University, 
16,101-102,1987. 

4. GLUCH, H.: Higher Curvatures of Cıırves in Euclidean Space, Amer. Math. 
Month., 73, 699-704, 1966. 

- 110 -


