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SUMMARY 

We consider about the vectors which form constant ang/es with the Frenet 
Vectorş in En. It is the purpoşe of this paper to calcuf!ıte these vector8. 

ÖZET 

En de Frene Vektörleri ile Sabit Açılar Yapan Vektörler 

Ef' de Frenet vektörleri ile sabit açılar yapan vektörler düşündük. Bu maka
lenin amacı bu vektörleri bulmaktır. 

O. INTRODUCTION 

We solved the problem in E4
• The solution and some terminology about them 

may be found in1
• The concept of higher curvatures of curves In any dimensional 

Euclidean Space was given in2
, and3

• In4 it may be f~und rich preli~inaries which 
we need our studies. 

1. PRELIMINARIES 

PROPOSITION 1. 1. If the. principal normals of a curve form a constant angle 
with the direction of a vector e, then 

"l + ~ 
"(_!_)' ] + -r= o 

" 
conversly, if this relation is fulfılled, then the principal normals of the curve form 
a constant angle with the direction of some vector. 

* 
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We can express this vector by 

T 

e=7 
ı 

Xı +X2 + -
1<. 

This constant vector e forms with the vector X2 a constant angle whose cosine 
ı 

equals - - = constant. 
!el 

2. THE MAIN RESULTS 

PROPOSITION 2.ı. If the first principal vectors of a curve form a constant 
angle with the direction of a vector 'Y, then 

ı t(n- ı) n 
{--- (t(n-2)(n-ı)~-2+a'n-ı)}' + 

t(n - ı )n t(n- 2) (n- ı) 

( t(n- 3) (n- 2) ~- 3 + a 'n- ı>= O 

Conversly, if this re la tion is fulfilled, then the first principal vectors of the curve 
form a constant angle with the direction of some vector. Further, we may write this 
vector and the angle as the following. 

t ı t 2 ı [t t 4 [ı t } } 'Y=Xı +--.!..:.x3 + --(-1-)'~ +--
12 3 

+ --(-2.!.)' 'X5 
t23 t34 t23 t45 t2 3 h4 t23 

ı ı 
+ ····· + (t( 3) ( 2) a 3 + a' 2) X ı + t n- n- n - n- n- t . 

(n- 2) (n -ı) (n -ı)n 

(t a + a' )·X . (n-2) (n-ı) n-2 n-ı n 

ı 
Cos6 = --= Constant 

hi 
where 8 is the angle between the principal vector X1 and 'Y 

PROOF. From 
< 'Y, Xı >= C 

by differentiating, we have 

t12 <'Y,X2 >=O 
or 

where C lsa reai number. 

- 46 -



or 

or 

In the same way, we obtain 

- tı 2 <"~·X ı > + tı3 < "~· x3 >=o 

t12 
<1,X3 >=C .-t-. 

23 

Differentiating again, we find 

< > - ı tıı ' 
"~· x4 - c. -t- <- t->. 

34 2 3 

Differentiating once again, we have 

- t34<"(,X3>+t4s <"f,Xs>= c.[--Ç- ( :~: )'} 

From the above, w e can write 

< "f , Xn-ı > = t C - (t(n-3) (n-2) an-3 + a'n- 2) 
(n- 2) (n - ı) 

c 
t(n-ı)n 

Finally, differentiating, we obtain 

[ 
ı (t a + a' )} ' + t (n- 2) (n-ı) n-2 n-ı 

(n - ı)n 

t(n- ı)n (t a + a' ) = O 
t (n-3) (n-2) n-3 n-2 (n-2) (n- ı) 

Conversly, if the relation is held, then this veetar is constant. The constant 

veetar "1 forms with the principal veetar X1 an angle whose cosine equals B 
constant. Without lass generality, we assumed that C= 1. Hence, the proposition 
is proved. 

PROPOSITION 2.2. If the n~h Frenet Vectors of a curve in En form a cons· 
tant angle with the directian of a veetar ~. then 

[-/- (t23 a3 + a·2} '-~ (t34 a4 + a'3) = O. 
1 2 J 23 



Conversly, if this relation is satisfied, then the n~h Frenet Vectors of the 
curve form a constant angle with the direction of some vector. W e may express this 
vector and the angle as the following 

~""-tl . (tz3 a3 +a'z)Xı + -1- (t34 a4 + a'3 )~ + ············ 
ız tz 3 

+ ---=1---{ t(n-3) (n- 2) t(n-l)n 

t{n-4) {n-3) t(n- 2) (n-1) 
+ 

---'-~-;;___)' ' xn-4 -t(n-l)n } ı · 
t(n-2) (n_.l) 

t(n-l)n )' X + t(n-l)n 
3 X 2 +X . t n- t n- n 

{n-2) {n-1) (n-2) {n-1) 

ı 

t(n-3) (n-2) 

ı 
Cosıp = -1-~-1 - = Constant 

where ıp is the angle between Xn and~ -

PROOF. Let 

<~, Xn > =c 
where C isa real number. Then, we hand 

or 
- t(n-l)n < ~. xn-1 > = o 

< txn_1 > =o 
By differentiating, we obtain 

- t{n-2) (n-1) < t xn-2 > + t (n-l)n < t xn > :;;: o 
or 

t(n-l)n < ~' X n-2 > = c . - t--"-----'"-----

(n-2) (n-1) 

Differentiating again, we have 

t 
-t{n-3)(n-2)<tXn-3 >+t(n-2)(n-l) < ~ , Xn-ı>=C.( t (n:-l)n )' 

(n-2) (n-1) 

c < ~. xn-3 >"" - ----=---
t(n-3) (n-2) 

t( -n l)n )' . 
t(n-2) (n-1) 
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or 

or 

Differentiating once again, we hand 

- t(n-4) (n-3) < ~. xn-4 > + t(n-3) (n-2) < ~. xn-2 > = 

- C . [ 1(n-~) (n-2) 
( t(n-1)n r}· 

t(n-2) (n-1) 

[ 

t L ' C (n-3) (n-2p n- 1)n < ~. xn-4 > = -t---=---
- (n-4) (n-3) t(n- 2) (n-1) 

[ 1(n-3) ~n-2) ( )' ' t(n-1)n J J 
t(n-2) (n- 1) 

From the above results, we may write 

c < ~. X2 > = -t- (t3 4 ~4 + ~·3) 
23 

<~, Xı > = ~ (t23 ~3 + ~'2) . 
tı 2 

Differentating the last equation, we find 

tız<~.~ >=c.[ t~2 · (tz3 ~3 +~'z )l 

Conversly, if the re la tion is fulfilled, then this vector is constant. This cons

tant vector ~ forms with the vector X
0 

an angle whose cosine equals ıtı = 

constant . Without loss generality, again we assamed that C = 1. Hence, we have 
completed the proof of our proposition. 

PROPOSITION 2.3. If the second Frenet vectors of a curve in E4 form a 
constant angle with the direction of a vector § , then 
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Conversly, if this re la tion is fulfilled, then the second Fren e t Vectors of the 
curve form a constant angle with the directian of some vector. We may write this 
vector and the angle as the following 

(t +_ı_~ t (..::1.1."+ ( 23 34 )' -~ ( t ,..::u...,•+t (~)' e ~ t_ _ ı ı } ı t [ e t } 
12 t ' 34 t { t ' t ' ı 2 t { 2 3 t ' 

12 12 12 12 12 12 
X + . 2 

ı [ ı ı ı } t t l t e (-21-:)' t34 (~)'+( 23 3: )' + 23 34 23 34 
t12 tı 2 t12 t ıı tı 2 

ı 
Cos v = I§T = Constant 

where vis the angle between X2 and §. 

PROOF. Take 

< §,X2 >= C. 

Differentiating, we hand 

- tı2 < §,X ı > + t :ı 3 < §, x 3 > = o 

t2 3 < §,X ı > = -t - < §, x 3 > . 
12 

Differentiating again, we find 

t t
2 

t t 
Ct = (_!2.)' <§ X > -C __!.2_+ 23 34 

ız tı 2 ' 3 tı z tı z 
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or 

{~)~<§,X3>+ t23t34 <§,X4>= C(t12 + ~3) 
t12 tı 2 tı 2 

Differentiating once again, we have 

ı ı ı e 2 
2 3 3 4 )1 < § X > _ 2 3 3 4 tı 3 
t 1 4 < §' x3 > = c (tı 2 + --)' or 

12 t12 t12 

t t t2 
. t t t 

(~)" _ 2 3 3 4 < § X > + t (~)~ + ( 2 3 3 4 )1 < § X > = 
t t . ' 3 34 t t . ' 4 
12 12 12 12 

[ 
2 } t2 3 1 t2 3 1 c (t12 + -t-) + t23 (-t-) . 
12 12 

Now we can write the following equations 

ı o 

D= 

t t t 
t34 (_31..)' + ( 23 34 )' . 

tl 2 tı 2 

2 
t23 t2 3 t34 

(-)" - ----=...;~;,_ 
t1 2 t1 2 

o 

o o 

ı o o 
t2 

c (t + _2_3_) 
12 t12 

[ e t] ı tt c (t + ~)1+ t (~)' t (.-.-!2._)1 + ( 23 34 )1 
12 t 23 t . 34 t . t 

. 12 12 12 12 

o 
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ı 
t2 3 o ---
t12 

2 
t . t2 3 

D<§,X4 > = o (~)' c {t12 + -t - . ) 
t1 2 12 

t 
2 

[ t
2 

t } t2 3 t3 4 o (~)" 
t1 2 

c <tı2 +T)'+ t2 3 <~)' 
t12 12 12 

Conversly, if the relation is fulfilled, then this vector is constant. This constant 

vector § forıns with the Xz an angle whose cosine equals ffi = constant. Without 

loss generality, we may assume that C= 1. Hence we have proved the proposition. 
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