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COOPERATION, EIGENVALUES,
REPELLOR AND ATTRACTOR
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SUMMARY

In this paper we derive some general conditions for a polygon
of orientable hypersurfaces to be a repellor (respectively attractor) using
modern geomelric methods.
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OZET
Ortaklik, Eigen Degerler, Repellor ve Attractor

Bu makalede, geometrik yontemler kullamlarak, yoén koruyan hiper-
yiizeylerin bir poligonu icin Repeillor ve Attractor olma kogullanmi verdik.

INTRODUCTION

Although the matereal used in this scientific paper under the title "Co-
operation, Eigenvalues, Repellor and Attractor” is geometric the result obtained
cast light on many subjects such as medical sciences, population genetics, pre-
biotic development, differential equations, applied mathematics, physics and
modern differential geometry.
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1. COOPERATION, EIGENVALUES, REPELLOR AND
ATTRACTOR

Let us consider a Cl-flow on a 2-dimensional orientable manifold M
which exhibits a finite number of cyclically connected 2-hypersurfaces. Of course
the flow is then not structurally stable, but such situations often occur in
concrele dynamical systems (defined on compact subsets of IR™ where the
boundry is invariant),

Let L be this connected invariant set consisting of n 2-hypersurfaces Fy,
F», ... F, .., Fo_4, F, and n connecting orbits. Since the manifold is orientable, a
certain neighbourhood U of L may be embedded diffeomorphically in the space
IRZ Let V be the component of U/L which lies "inside" the polygon L. An orbit
starting in V (Close to L) which is not closed may have L as g-or as w-limit.

One can choose "coordinates” X;: M — IR such that Xj > 0in V, X =
0 along the orbit connecting F;_; with F; and finally X;; x X, is a diffeomor-
phism of a neighbourhood of F; on to a neighbourhood of the origin in IR2.
Then consider the vector field near the 2-hypersurface F;: Along the orbit X;; =
X;2 = 0 we have

d
¢ Xit X (©) ~ kinXip (X() near X3 = 0, ...., and along

Xil = XiZ = 0 we have

d
Y Xip (X(1) ~ kg Xj2 (X(t)) near Xj = 0, where kjs=0,i=1.,
t

n; j= 1, 2 are the Eigenvalues at the 2-pypersurface point.

A more detailed discussion of these and other notions may be found in
[11, [2], [3], [4], [51, [6] and [7].

1.1. Propesition. Consider the function

P P; P.s. P
P =X, Xplz12 _____ Xy X2 xP Xpn2n2

where p;; > 0 will be specified later which is positive on V and equal to 0 on L.
Then, we have

P n,?

2 X
pX)=——= 3 pij —2_
P =1 P
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PROOF. Differentiating the function P with respect to t we have
l') = Pu)'(HX‘iuP + s Pn);(ﬂX'IHP F s Pn2Xn2X‘1n3P.
Hence the proof is completed.

1.2. Proposition. The function

P “; X
‘p(x)fﬁ_* sty T X

reduces at the i-th corner to
U (F) = piN + Pit1 wi

where A; > 0 and p; < 0 are the Eigenvalues at the saddle point F;.
PROOF. Let F; be the 2-hypersurface such that

¢y = &Y.

and X, X; be the orthhonormal basis vectors of TF; (0) at the origin. Let us de-
fine the unit normal vector field of F; by

(*y= -% 1)
V142 +y?

If we derivate the function ¢ (x, y), we have:

§=

¢ = (1,0,y)
@y = (0, 1, x).
Itis clear that < {, ¢y > = <{, ¢ > = 0and || { || = 1. Hence { is really

an unit normal vector field of the 2-hypersurface F;. At the origin, we have

Px i(] = (1,0,0)
¢y |y = (0.1,0)
C], = 0.0

Then, §jg = %10 &g = X2 Now we can find the vector S | X,

s e



F (0’—t: 1) "
SIX, =-V%,{=-0 0+ tX) gm0 = ~{——=V li=0

V1+ 2

0,1,0 ! 2\~
1%, = T2 g + {0, (=) @+ 72}

V1 + ¢

S|X1 = (O) 1»0) or S|X1 = XZ‘

In the same way, we may have S|x, = X;.
Let o = 3X1 : sz, = = —aX1 — bXZ, B =a Xl - bXZ, HB = “axl +
bX; be the tangent vectors of F; at the origin. Then we find

1 2ab
k|a= < Sa, a> = < aX; + bXj, aX; + bX; > =
a’> + b? a’ + b?
2ab
k| .= <S(-a), —a>-=
o 3 >
a“ + b~
2ab
klg=<858,p> = < aX; - bX, aX; -bX; > = -
32+b2 a2 +b2
2ab
kl —B = <S(_B)s _B P
2 2
a® + b*

where S denotes the shape operator of the 2-hypersurface F,. On the other
hand, it is clear that

Il

ktxl < SX1=XI > = < xl,X2 = =1

k]x2 < SXz,X2> = < X],x?_ > = [,

From the above results we understand that there exists the Eigenvalues A >0,
M < 0.

. The function { (x) continous since X; = 0 for xj = 0 and the vector field
x; is CL.
]

In view of the above remarks, we may write
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¥ (F) = piki + pickia-

If we take, pi1 = P, Pz = Pi+1 kit = N > 0, kiz = p; < 0 we may say that the
proof is completed.

13. Proposition. Consider n 2-hypersurfaces. Let Fy, F; .., F,
.., Fp be the 2-saddles. Let L be the above polygon, A; > 0 and

n A
wi<0 the Eigenvalues of the 2-saddles and let v = n (- u_])'
i=1 i
Then L is a repellor if and only if 1 < v
PROOF. At the i-th corner, we may write
Y (F) = pihi + Pis1 i
which is positive if and only if
Pi+1 Aj
< -
b, 8
that is
' Pi+1 Ai
Y(F) = piNi + Pis1 i >0 & v ——r
P. .
1 I
Pi+1 N VI RS
Pi M Mi
Pi+1 “ Ao " A
& = Il - D) ln,.... vifn < I f et
Pi b= M ' =1 i
n-times
el <y
= 1 <
Then the proof is completed.
1.4. Proposition. Consider n 2-hypersurfaces. Let Fj, F5, .., F,

F, be the 2-saddles. Let L be the above polygon, \; > 0 and

ey
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1i<0 the Figenvalues of the 2-saddles and let v = 11 (- -
Then L is a repellor if and only if v < 1

PROOQF. Again, at the i-th corner, we have
$(F) =piN + Pit1 ki
which is negative if and only if
Pi+1 A
> .

P.

1

From this, we may find

Pi+1 Aj
-

Y(F) = pidi+piv1pni<0e

pi p’l
Pi+1 A i
1 1 ylim S !
Pi K Hi
N pis1 o X
ell—— =T (-—) v v 5> g 2
i=1 P bl Pi e——y——— 1 | M
n-times

S v >
<y <l
Hence the proof is completed.

In these proofs we have used various preliminary results which may be
found in [6], [7], [8], [9] and [10].
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