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OZET

Yiiksek Lisans Tezi
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Damisman: Prof. Dr. Erdogan DILAVEROGLU

Giirtiltii i¢indeki bir reel siniisiin frekansinin az sayida veri 6rneklerinden anlik kestirimi
isaret isleme alaninda 6nemli bir problemdir. Bu problem ig¢in literatiirde bir¢ok frekans
kestiricisi Onerilmistir. Bu tez ¢alismasinda, ayrik enerji ayrisim algoritmalar1 (DESA)
ve diger baz1 popiiler kestiriciler ele alinmistir. Bir Taylor seri acilimi teknigi
kullanilarak, kestiricilerin yanlilik ve degisintileri i¢in ¢ok basit fakat kesin kapali bicim
ifadeler ¢ikarilmistir. Kuramsal sonuglari teyit eden bilgisayar benzetimleri dahil
edilmistir.

Anahtar Kelimeler: Reel siniis sinyali, Frekans kestirimi, Cramér — Rao siniri.
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ABSTRACT

MSc Thesis

A COMPARATIVE PERFORMANCE ANALYSIS OF SOME FAST AND
ACCURATE FREQUENCY ESTIMATORS

Sevim Hazal UZ

Bursa Uludag University
Graduate School of Natural and Applied Sciences
Department of Electronics Engineering

Supervisor: Prof. Dr. Erdogan DILAVEROGLU

Instantaneous estimation of the frequency of a real sinusoid in noise from a small
number of data samples is an important problem in the signal processing area. Several
frequency estimators are proposed for this problem in the literature. In this thesis, some
of the popular ones including the discrete energy separation algorithms (DESAS) are
considered. Using a Taylor series expansion technique, very simple and yet accurate
closed form expressions for the bias and the variance of the estimators are derived.
Computer simulations are included to validate the theoretical results.

Keywords: Real sinusoidal signal, Frequency estimation, Cramér — Rao bound.

2020, viii + 80 pages.



TESEKKUR

Yiiksck lisans 6grenimim sirasinda ve tez ¢alismalarim boyunca gosterdigi destek ve
yardimdan dolayr degerli hocam Prof. Dr. Erdogan DILAVEROGLU na ve her zaman
yanimda olan sevgili aileme en igten tesekkiirlerimi sunarim.

Sevim Hazal UZ
2 4. /0112020

iii



ICINDEKILER

Sayfa
(074123 WP I
F N = S 2 ¥ N O PSRRI I
TESEKKUR .....ovvitivieieeteees ettt ettt ettt ettt s ettt sttt sttt sttt s st st ns sttt st asasns iii
SIMGELER VE KISALTMALAR DIZINT ...ccooiiiiiriccncscsceee e v
SEKILLER DIZINT.....ocoiiiiiicceeeeeee ettt Vi
Lo GERIS oottt 1
2. KURAMSAL TEMELLER ....ociiiiiie s 2
2.1. Veri Modeli ve Anlik Frekans Tahmin EiCIleri .........c..cccooviiiiiiiiiiii e 2
3. MATERYAL VE YONTEM .....coooiiuiiiteictcietetetetceceetete sttt ettt sessssse st sesesesesns 3
3.1. Bias ve Varyans GeliStIMNC. ......cuiveiieriirieiieie e 3
4. BULGULAR VE TARTISMA ...t 5
5. SONUC oottt ee et e et eee e e 18
KAYNAKLAR L.ttt ettt bbbt et et b e benbeene e 20
o I P 211
EK A. DESA-1 Frekans KestiriCISI(N=4) .........cccciveieiiieie et 21
EK B. Modifiye Edilmis Kovaryans Frekans Kestiricisi (N=4) ........cccccceeiriieiiinierinenn. 28
EK C. Prony Frekans KestiriCISI(N=4) .......c.coceiiiiiiieiie e 33
EK D. DESA-I Frekans KestiriCiSi (N=5) .......ccccuiiiiririiine s 39
EK E. DESA-2 Frekans KestiriCiSI(N=D5) .....cccooeiiiiiiie e 51
EK F. Modifiye Edilmis Koveryans Frekans Kestiricisi (N=5)........ccccccocervneniniinnnnnnn. 58
EK G. Modifiye Edilmis Prony Frekans Kestiricisi (N=5).........cccccvvvriinieneniinienennnn 69
[0Y/€) 2161\ 1 1IN 81



SIMGELER VE KISALTMALAR DiZiNi

Simgeler Aciklamalar

w Frekans w € (0, ) bilinmeyen deger

) Kestirilen Frekans

N Ornek Sayisi

a Genlik

1) Faz @~U (—m, ] rastgele degisken

var Varyans

o2 Varyans Giiriiltiisii

E{.} Beklenen Deger

én Beyaz Gauss Giiriiltii Ornegi, varyansi a2ve ¢’den
Bagimsiz

Kisaltmalar Aciklamalar

SNR Sinyal -Giiriiltii Oran1

MSE Ortalama Kare Hatas1

CRLB Cramer-Rao Alt Sinir1

AWGN Beyaz Gauss Giiriiltiisii



Sekil 4.1.
Sekil 4.2.
Sekil 4.3.
Sekil 4.4.
Sekil 4.5.
Sekil 4.6.
Sekil 4.7.
Sekil 4.8.
Sekil 4.9.
Sekil 4.10.
Sekil 4.11.
Sekil 4.12.

SEKILLER DiZiNi

Sayfa

SNR = 30dB’ de 6rnek sayis1t N=4 iken varyansin w /7’ ye gore degisimi.. 6
SNR = 30 dB’ de 6rnek sayis1t N=4 iken biasin w/m’ ye gore degisimi ....... 7
SNR =30 dB’ de ornek sayis1t N=5 iken varyansin w/m’ ye gore degisimi...8
SNR =30 dB’ de 6rnek sayis1 N=5 iken biasin w /7’ ye gore degisimi....... 9
w = 31 /8’ de drnek sayisi N=4 iken varyansin SNR’ ye gére degigimi ...10

w = 3m/8’ de 6rnek sayis1t N=4 iken biasin SNR’ ye gore degisimi......... 11
w = 3m/8’ de 6rnek sayis1 N=5 iken varyansin SNR’ ye gore degisimi....12
w = 31 /8’ de 6rnek sayist N=5 iken biasin SNR’ ye gore degisimi......... 13
SNR =30 dB’ de DESA-2’ nin w/m’ ye gore varyans degisimi.............. 14
SNR =30 dB’ de DESA-2’ nin w /7’ ye goére bias degisimi.................. 15
w = 31 /16’ da DESA-2’ nin SNR’ ye gore varyans degisimi............... 16
w = 3m/16’ da DESA-2’ nin SNR’ ye gore bias degigimi.................... 17

Vi



1. GIRIS

Bu tezde yliksek sinyal-giiriiltii oranlarinda bazi anlik frekans tahmin edicilerinin
gercek bir siniizoidin frekansini tahmin etmek ig¢in istatistiksel performans analizi
sunulmaktadir. Modifiye edilmis kovaryans ve Prony yontemlerinden tiiretilen ayrik
enerji ayirma algoritmalarindan (DESA-1a, DESA-1, DESA-2) [2] ve onerilen dort ek
tahmin ediciden tiiretilen frekans tahmin edicileri [1] dikkate alindi. Bir Taylor serisi
genisletme teknigi kullanilarak, tahmin edicilerin sapmalar1 ve ¢ok basit ama dogru bir
sekilde kapali form ifadeleri elde edilmistir. Bu tahmin edicilerin performans
karsilastirmasi da verilmistir.Burada ele alinan veri modeli ve anlik frekans tahmin
edicileri Boliim 2'de agiklanmaktadir. Bias ve varyans gelisimi Bolim 3'te verilmistir.
Bilgisayar simiilasyonlar1 teorik sonuclart dogrulama Boliim 4'te sunulmustur. Son

olarak, Boliim 5'de sonug¢lar ¢ikarilmaktadir.



2. KURAMSAL TEMELLER

2.1. Veri Modeli ve Anlik Frekans Tahmin Edicileri

Giriiltiide gergek bir siniizoidden olusan veri modeli denklem 2.1 de verilmistir.

x, = acos(w, + 0) + e, n=01,..,N—1 (2.1)

Burada siniizoidin genligi a ve frekansi bilinmeyen sabitler iken, sinilizoidin fazinin
(—m, ] araliginda esit olarak dagitilmis rastgele bir degisken oldugu varsayilir. Giiriltii
e,'Nin a2 varyansh sifir-ortalama beyaz bir Gauss oldugu varsayilir ve fazdan (@)

bagimsizdir. N, kullanilan veri 6rneklerinin sayisini belirtir.

Ele alinan anlik frekans tahmin edicileri, dort veya bes veri Ornegi gerektirir.
Xo, X1, X2, X3 (ve 5 veri Ornegi gerektiren tahmin ediciler igin x,) olan tahminleri

hesaplamak i¢in kullanilan formiiller Boliim 3’te gdsterilmektedir.



3. MATERYAL ve YONTEM
3.1. Bias ve Varyans Gelistirme

Desa-2 disinda ki kestiriciler i¢in p = cos (@) , Desa-2 igin ise p = cos (2@) olarak

tanimlanmustr.
A
p=p(4B)= = (3.1

2
SNR = 2‘% olarak tanimlanmis sinyal -giiriiltii orani(SNR) yeterince biiyiik segilirse , p

degeri cosw’ya oldukga yakin olacaktir (DESA-2 i¢in cos 2w). Boylece p ve beklenen
degerden tiiretilmis olan p(A4, B) Taylor Serisi’nin genisletilmesine dayanan asagidaki

formiiller kullanilabilir:[3] [4]

p = p(A,B)|p=ip=5 (3.2)

2p(4.5) )2 (3.3)

var(p) = var(A)(d—A AiBeB

dp(A,B)

+Uar(A)( dB A:ABzE)Z
dp(A,B) dp(A,B)
+2c0v(A,B)TT A=AB=B

Bias, bias(&@) = @ — w olarak tanimlanir. bias(®) ve p arasinda ve var(®) ve

var(p) arasindaki iligskiyi denklem 3.4 ve 3.5 ‘de gorebiliriz; [3]

bias(®) ~ arccos(p) — w (3.4)
~ var(p)
var(w) = T2 (3.5)



arccos(p) var(p)

—— olarak tanimlanir.
4(1-p~2)

Desa-2 i¢in bias(®) = —w Ve var(d) =

(3.2) ve (3.3) 'den, her kestirici i¢in A, B ,var (A), var (B) ve cov (A, B) degerlerinin
gerekli oldugunu goriiyoruz. Bu terimlerin nasil tiiretildigi ekler boliimiinde
gosterilmistir. Desa-1a (N=4) Ek A’da, Modifiye edilmis kovaryans (N=4) Ek B’de,
Prony (N=4) Ek C’de , Desa-1 (N=5) Ek D’de , Desa-2 (N=5) Ek E’de, Modifiye
edilmis kovaryans (N=5) Ek F’de , Modifiye edilmis Prony (N=5) Ek G’de ele
alinmigtir. p'mun (ve dolayisiyla w'nin) ortalama ve varyans ifadeleri, w’nin ve SNR’1n

fonksiyonudur.

Tablo 2'de 6zetlenen nihai sonuglar, yukarida belirtilen terimlerin tiiretilmis (3.2) ve
(3.3) ifadelerinde sadece biiyiitk SNR i¢in baskin terim (3.3) korunarak elde edilmistir.

Biiyiikk SNR degerleri i¢in p(@)'nin yaklagik olarak unbias oldugu ve ortalama kare
hatasinin ana pargasi haline gelen var(p ) (var (&))" nin tahmin edicilerin her biri i¢in

SNR'nin ilk giicii ile ters orantili oldugu goriilebilir.

TABLO 1
ANLIK FREKANS KESTIRICILERI

Kestirici o

2 2 B
DESA-1a (4 pt) arcco{(xz X %) — (Xg —XoX2) + (XX, Xoxs)]

2()(22 = X1X3)

- - XoXq + 2% X5 + Xy X
Modifiye Edilmis Kovaryans (4 pt) arccos {W]
X1 X5 — XoX3
Prony (4 pt) arcco{ J
O = XoXg) + (G —¥1X3)
2(x5 =X X3) = (X =XgXp) = (X5 =XpXg) + Xy Xp —XoX3 +Xp Xz =Xy X4
DESA-1 (5 pt) arcco{ >
4(x5 —X1X3)
1 X2 = XoXg) = (X2 = XoX,) — (X5 =X, X
DESA-2 (5 pi) Earcco{( 2~ %Xo%a) 2(12 %) = (46 ~X%)
(X3 —%1Xg)
. - XgXq + 2% Xy + 2XoXg + XgX,
Modifiye Edilmis Kovaryans (5 pt) arcco S
2% + %5 +X3)
Modifiye Edilmis Prony (5 pt) arccos| 22X~ X°X32) + (XX =X, Xa)
4(x3 =X X3)




TABLO 2

7 VE var(p) "NUN YAKLASIK [FADELERI

Kestirici 2 var(p)

DESA-1a (4 pt) 25NR sin? a_)c;)s w 3j!- 300526(2)
1+2SNRsin” @ 4SNRsin“ wcos” (w/ 2)

Modifiye Edilmis Kovaryans (4 pt) S?&% 7 S]l-\l R

Prony (4 pt) 25NR sin? a')C;)Sa) 3+2C0-522w
1+2SNR sin“ @ 4SNRsin“ @

DESA-1 (5 pt)

DESA-2 (5 pt)

Modifiye Edilmis Kovaryans (5 pt)

Modifiye Edilmis Prony (5 pt)

25NR sin? wcos

12 —14cosw +8c0s2w — c0S3w

1+ 2SNRsin? @
4SNR sin? wcos 2w —1

2(1+ 2SNR sin? o)
SNR cosw
SNR +1
25NR sin? wcos
1+2SNRsin’ o

32SNRsin® wcos? (w/ 2)
4+c0S2m
2SNRsin? o
1

9SNR

5(4+3c0s2w)
32SNRsin* @




4. BULGULAR ve TARTISMA

4.1. Sayisal Ornekler

Teorik sonuglarimizi dogrulamak igin bilgisayar simiilasyonlar1 yapilmustir. Siniizoid
genligi, giiriiltii 6rneklerinin uygun sekilde 6l¢eklendirilmesiyle farkli SNR'ler de elde
edilmistir. Tim simiilasyon sonuglart ortalama 1000 bagimsiz calisma ile elde
edilmistir. Grafiklerde SNR=30 dB’de we[0.1m, 0.97] i¢in sirasiyla dort ve bes ornekli
kestirimcilerin frekans varyanslarini gostermektedir. Grafiklerde hem teorik ifadeleri
hem de simiilasyon ifadeleri gosterilmistir. Olgiilen varyanslarm, w frekansinin 0 veya
m'ye yakin olmamasi sartiyla, teorik ifadelere uygun oldugunu gézlemliyoruz.

N=4 icin kestiriciler arasinda asagidaki bagintinin tiim w’lar i¢in gecerli oldugu

goriilebilir.
Var(aDESA—la) > Var(aProny) > Var(&)\MOd.Cov)

N=5 tahminciler i¢in modifiye edilmis kovaryans yonteminin varyansinin yine DESA-1
veya modifiye edilmis Prony'den daha az oldugunu goriiyoruz. Ayrica,
var(@yoa.prony) > var(@pgsa—1) i¢in @ < 0.46m iken, bu iliski w > 0.46m igin

tersine ¢evrildigi gozlemlenmistir.

Grafiklerde w = 3mw/8'de SNR'ye karsi sirasiyla dort ve bes ornekli kestiricilerin
frekans varyanslarim1 da gostermektedir. Teorik ifadelerin SNR > 15dB igin
simiilasyon sonuglariyla iyi anlastigi gézlemlenebilir. Bes 6rnekli kestirici DESA-2'nin

yukaridaki deneylere dahil edilmedigine dikkat edin, g¢linkii a)e(g,n) araliginda

calismaz. DESA-2'nin Olgiilen ve teorik frekans varyanslari SNR=30 dB'de
we[0.05m, 0.457] igin Sekil 4.9 'da gosterilmektedir ve Sekil 4.11°de w = 3w /16'de
SNR'ye karsi varyanslar1 gostermektedir. DESA-2 varyansmin w < 0.35m igin
degistirilmis Prony ve DESA-1 arasinda yer aldig1 goriilebilir, ancak w > 0.357 i¢in

diger tiim tahmin edicilerden daha biiyiiktiir.
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Sekil 4.1. SNR = 30 dB’ de 6rnek sayist N=4 iken varyansin w /1’ ye gore degisimi

Sekil 4.1°de 6rnek sayist N=4 ve SNR=30 dB iken varyansin w/m’ ye gore degisimi

gosterilmistir. N=4 i¢in kestiriciler arasinda var(@pgsa—14) > Val(@prony) >

var(@yod.cov) 1liskisinin tim w’lar i¢in gegerli oldugu goriilebilir.



SNR=30dB,N=4

8
o
o=
8 -
o
§— o
o= ’0.4" .
®
0-6 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

w/pi

Sekil 4.2. SNR = 30 dB’ de 6rnek sayisit N=4 iken biasin w /7’ ye gére degisimi

Sekil 4.2’ de ornek sayist N=4 ve SNR=30 dB iken biasin w/m’ ye gore degisimi
gosterilmistir. Olgiilen biaslarin frekansin 0 ve 7 ye yakin olmadigi yerlerde teorik

ifadelere uygun oldugu goézlemlenmistir.
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Sekil 4.3. SNR = 30 dB’ de 6rnek sayis1t N=5 iken varyansin w /1’ ye gore degisimi

Sekil 4.3’ te ornek sayist N=5 ve SNR=30 dB iken varyansin w/m’ ye gore degisimi
gosterilmistir. N=5 i¢in de modifiye edilmis kovaryans yonteminin varyansinin yine

Desa-1a veya modifiye edilmis Prony ‘den daha az oldugu goriilmektedir.

Ayrica w <0,46 iken modifiye edilmis prony varyansi, desa-1 varyansindan biytiktiir.

w >0,46 iken aralarindaki iliski tersine cevrilir.



SWR=30dB,N=5

frequency bias

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
wipi

Sekil 4.4. SNR = 30 dB’ de 6rnek sayist N=5 iken biasin w /1’ ye gore degisimi

Sekil 4.4” te o6rnek sayist N=5 ve SNR=30 dB iken biasin w/m’ ye gore degisimi

gosterilmistir.
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Sekil 4.5. w = 3m/8’ de 6rnek sayis1t N=4 iken varyansin SNR’ ye gore degisimi

Sekil 4.5.” te 6rnek sayist N=4 ve w = 3m/8 iken varyansin SNR’ ye gore degisimi

gosterilmistir.
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W= 3';:4.-'3: N=4d
0.3 T T T T T

frequency bias

10 20 30 40 50 &0
SNR (dB)

Sekil 4.6. w = 3m/8’ de 6rnek sayis1t N=4 iken biasin SNR’ ye gore degisimi

Sekil 4.6.” da ornek sayist N=4 ve w = 3m/8 iken biasin SNR’ ye gore degisimi
gosterilmistir. Teorik ifadelerin SNR=15dB ve iizeri degerleri igin simiilasyon sonuglari

ile yakin degerler oldugu gozlemlenebilir.
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Sekil 4.7. w = 3m/8’ de 6rnek sayis1t N=5 iken varyansin SNR’ ye gore degisimi

Sekil 4.7.° de 6rnek sayisi N=5 ve w = 3m/8 iken varyansin SNR’ ye gore degisimi

gosterilmistir.
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w=23pil8, N=5

0.3 T T T T ;
8 0.2 _
ko
= A
g 01k~ ]
o O
= § o
E OF 5ﬁgmmmaﬁmam&aamaaea

-0.1 1 1 ] 1 L

10 20 30 40 &0 B0
SNR (dB)

Sekil 4.8. w = 3m/8’ de 6rnek sayis1t N=5 iken biasin SNR’ ye gore degisimi

Sekil 4.8 de 6rnek sayisi N=5 ve w = 3m/8 iken biasin SNR’ ye gore degisimi
gosterilmigtir. Teorik ifadelerin SNR=15 dB ve iizeri degerler igin simiilasyon sonuglari

ile yakin degerler oldugunu gozlemleyebiliriz.
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Sekil 4.9. SNR =30 dB’ de DESA-2’ nin w/m’ ye gore varyans degisimi

Sekil 4.9.” da SNR = 30 dB iken DESA-2’ nin w/m’ ye gore varyans degisimi

gosterilmistir.

Desa-2 ‘nin olgiilen ve teorik frekans bias ve varyanslar1 bu grafiklerde gosterilmistir.

SNR=30dB ve w €[0.05x , 0.45x] araligindadir.
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Sekil 4.10. SNR = 30 dB’ de DESA-2’ nin w/m’ ye gore bias degisimi

Sekil 4.10.> da SNR = 30 dB iken DESA-2’ nin w/m’ ye gore bias degisimi

gosterilmistir.
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Sekil 4.11. w = 31/16’ da DESA-2’ nin SNR’ ye gore varyans degisimi

Sekil 4.11° de w =3m/16 iken DESA-2’ nin SNR’ ye gore varyans degisimi

gosterilmistir.
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Sekil 4.12. w = 3m/16° da DESA-2’ nin SNR’ ye gore bias degisimi

Sekil 4.12.” de w =3m/16 iken DESA-2’ nin SNR’ ye gore bias degisimi
gosterilmistir. Teorik ifadelerin SNR=15 dB ve iizeri degerler i¢in simiilasyon sonuglari

ile yakin degerler oldugunu gozlemleyebiliriz.
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5. SONUCLAR

Beyaz Gauss giiriiltiisiindeki gercek bir siniizoidin frekansini tahmin edebilmek i¢in 7

anlik frekans tahmin edicisinin istatiksel analizi sunulmustur.

Kestiricilerin Bias ve varyansi ¢ok basit ve kapali form ifadeleri yiiksek SNR i¢in elde

edilmistir. Teorik sonuglar1 dogrulamak i¢in bilgisayar simiilasyonlar1 gosterilmistir.

Simiilasyon sonuglarinda da teorik sonuglara yakin degerler elde edilmis, boylelikle

frekans kestiricileri i¢in kullanilan genel ifadelerin gecerliligi kanitlanmustir.
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EKLER

EK A DESA-1A FREKANS KESTIiRIiCiSi

p denklemi A,B olarak pay ve paydasina ayrildigini varsayarsak,

xzz—x1x3—x12+x0x2+x1x2—x0x3 A

ﬁ: =

2(x22-x1x3)

@ |

A ‘nin beklenen degeri denklem A.2 ile hesaplanir:
0.2

E[A] = 5 s(z1 — z3)

B’nin beklenen degeri denklem A.3 ile hesaplanir:

2 2
E[B] = 20%(s + 1) = 2252, = > [4(s + 1) — 252,]

p’nin beklenen degeri A ve B nin beklenen deger cinsinden yazilirsa,

E[p] = # _ _S(z1-z3) _ 2s(cosw—cos3w)

E[B] - 4(s+1)-2s2, - 4(s+1)—4scos2w

_ 2s(cosw — 4cos®w + 3cosw)  8scosw(1 — cos’w)
B 4s5(1 — cos2w) + 4 B 8ssin?w + 4

CoSw

4
8ssin?w

p ‘mn bias degeri denklem A.5 ile hesaplanir:

21

(A1)

(A.2)

(A3)

(A.4)



1+2ssin?w

bias(p) = E[p] — p = cosw <1+;1 - 1) =25 (A.5)

A? hesaplanir;

A% = 20, + x02x3% + xt + x02x0% + x1 %02 + x92x52 (A.6)
—2x,2x1X3 — 2x12%,% + 2x,3 %0 + 2x,3%; — 2x,% %03
+2x13x3 — 2X0X1XpX3 — 2X1%XpX5 + 2%3%X0 X,
—2x12x0%, — 2x13%, + 2x1%x0X3

+2x,2x0%1 — 2X0%XX3 — 2XX1 X X3

= x24 + x14 + ZXZ3XO + 2x23X1 + le3X3 _— 2x13x2
+x12%,% + x9%2%5% — x12%,% + x92 %32
_ 2 _ 2 _ 2 2
2X2°X1X3 — 2X5°XgX3 — 2X1°XaX3 + 2X3° XX

—2x12x0%, + 2x12x0X5 + 2X,%XgX1 — 2X0%XX3 — 4XX1 X X5

A?’nm beklenen degeri hesaplanirsa;

30*
—(

4
E[A%] = 22~ (s? — 45 +2) + 4> 5(s + 2)2, (A7)
a* 2 2 a* 2 2
+27[4(s+1) +s Z4]—T[4-(S+1) + 5°27,]
a* 2.2 o2 ot 2
+T[4(S+1) S°Zg] —47[5 2+25(s+1)zz]—475 (z4 + 2, + 2)

4
= 2-{[125? + 48s + 24) + 8(s + 1)* - 852 — 857

+[12s(s +2) —s2 — 8s(s + 1) — 452]z, + (252—45%)z, + 5%z}

4
=2 [(4s% + 64s + 32) + (=52 + 165)2, — 25724 + 572]
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(E[A])? hesaplamasi denklem A.8’de gosterilmistir:

(ELAD? = Z57[(z, +2) + (z + 2) — 224 + 2,)] (A8)

4
g
= 7(452 — 5%z, — 25%7, + s%2z;)

Hesaplanan degerler formiilde yerine yerlestirilirse A ‘nin varyans1 denklem A.9 ‘da ki
gibi bulunur:

var(A) = E[A%]—(E[A])? (A9)
= 2 [(64s +32) + 1652,]

Ayni islemler B? iginde yapilir:

B? = 4x,% 4 4x,%x3% — 8x,%x, X3 (A.10)

B?’nin beklenen degeri hesaplanir:

4 4
E[B?] = 43% (52 + 45 +2) + 4% [4(s + 1)? + 5%2,] (A.11)

4
—8%[522 + 25(s + 1)z,]
4
= 2-[(24s% + 1285 + 64) + (=165 — 165)2, + 45%2,]
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B’nin varyansini bulmak i¢in (E[B])? degerininde hesaplanmasi gerekmektedir.

4
(E[B])? = "T [16(s + 2)2 + 45%(z, + 2) — 165(s + 1)z, ] (A.12)
0-4
4

[(24s% + 325 + 16) + (—1652 — 165)z, + 45°2,]

B’nin varyansi denklem A.13°de gosterildigi gibi hesaplanir.

var(B) = E[B%] — (E[B])? (A.13)

0-4
= e (965 + 48)
AB degeri;

AB = (X% — x1X3 — X1% — XgX3 + X1X; — XX3)(2x,% — 2x1%3) (A.14)

= 2x,% — 2,2 %0 x5 — 21 %x5% + 2x,3x0 + 2x,3 %, — 2x,%x0%5
—2x,° 2x1%x3% + 2x,3x3 — 2 — 2x,% 2x3°
Xp2x1%3 + 2% %x3% + 2x13x3 — 2X0X1XpX3 — 2% 2X5X3 + 2X3%X0%,
= 2x24 + zxZ3X0 + 2X23X1 + 2X13X3 - lezsz + 2X12X32

—4x,2x1X5 — 2X,2XgX3 — 2X12XX5 + 2X3%X0X; — 2XX1 X X3

AB ‘nin varyansi denklem A.15 ile hesaplanir:
4 4 4
E[AB] =2 3% (s2 + 4s + 2)43%5(5 +2)z, + 2 3%5(5 +2)z, (A.15)
a* 2 2 a* 2 2
—27[4(5 +1)% +s%z,] + 27[4(5 + 1)% + 5°24]
0'4 2 0'4 2
—4 [s°2 + 2s5(s + 1)z,]| — 27[5 zy + 2s(s + 1) z3]

4 4 4
—2"T [s2z5 + 25(s + 1)z,] + 2"T [s2z5 + 2s(s + 1)z,] — 2%52(24 +2z,+2)
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4
=2 {[125% + 485 + 24 — 8(s + 1)* + 8(s + 1) — 85 — 457

+[6s5(s +2) — 252 —4s(s + 1) + 4s(s + 1]z,
+[12s(s + 2) — 2s% — 8s(s + 1) — 252]z,
+[—4s(s + 1) — 252]z3 + (25% — 25%)z, + 25°2z5}

[AB] degeri hesaplamasi;

[AB] = Z-[(48s + 24) + (45? + 125)z; + 1652, + (—65% — 45)z5 + 25%25] (A.16)

E[A]E[B] degeri hesaplamasi:

E[AIE[B] = Z-s(z; — 25) 2 [4(s + 1) — 252,] (A17)
= %4 [4s(s + 1)z, — 25%(2z5 + z1) — 4s(s + 1)z3 + 252(z5 + z3)

4
= %{[45(5 + 1) — 252 + 252]z; + [—25% — 4s(s + 1)]z5 + 25225}

[(4s? + 4s)z; + (—65% — 45)z3 + 25%¢]

0.4
4
A ve B ‘nin kovaryansi denklem A.18 ile hesaplanir.

cov(4, B) = E[AB] — E[A)E[B] (A.18)

4

[(48s + 24) + 8521 + 1652, ]

(E[B])?var(A) hesaplamasi:
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(E[BD?var(A) = c*[(6s% + 8s + 4) + (—4s? — 45)z, + s%z,|0*[(165 + 8) + 452,]

= 0%[(64s> + 144s* + 1285 + 32) + (—36s> — 645> — 165)2,

—8s%z, + 453z, (A.19)

(E[A]D)?var(B) hesaplamasi:

(E[A)2var(B) = - (45? — 522, — 2572, + 5%26) 2~ 16(6s + 3) (A.20)

= o8[(24s3 + 125%) + (=653 — 35%)z, + (—1253 — 65%)2,

+ (653 + 35%)z4]

A,B nin beklenen degerleri ile (A,B) ‘nin kovaryansmin ¢arpimi denklem A.21 ile
bulunur,;

4
E[A]E[B]cov(4,B) = % [(25% 4+ 25)z; + (=352 — 28)z3 + 5%2z] (A.21)
.0*[(12s + 6) + 2521 + 4527,]
8
= "7 [(8s3 + 852) + (20s3 4 3652 + 125)z, — 25327,

+(—24s3 — 34s% — 125)z3 + (—4s3 — 45%)z, — 25%2¢
+253z¢ + 4532,]

Diger yontemlerde uyguladigimiz gibi isimizi kolaylagtirmak adina pay,payda iki kisim
oldugunu varsayalim;

PAY = o8[(80s3 + 148s2 + 128s + 32) — (20s3 + 3652 + 12s)z, (A.22)
—(40s3 + 6752 + 165)z, + (2453 + 3452 + 125)z3 — (853 + 1052)z,

+252z5 + (853 + 35%)z5 — 4532,]
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PAYDA = (E[B])* = ‘1’—: [4(1 + 2ssin?w)]* (A.23)

= 1608(1 + 2ssin’w)*

3 2 _ 3 2 _ 3,67 2 3,17 2 _ 3,5.2 1.2 3,32 3
(205%+375°+325+8)—(553+95%+35)z, (105 +5S +4-s)zz+(65 +5S +35)z3 (25 +55 )z4+(zs )ZS+(ZS +35 )Za s3z,]

var(ﬁ) = [ 4(1+2ssinw)*
PAY - 20 — 5z — 10z, + 623 — 224 + 224 — 2, (A.24)
PAYDA - 4.16sinws (A.25)

(p) “n varyansi denklem A.26da gosterildigi gibidir.

- 10—-5cosw—10cos2w+6co0s3w—2co0s4w+2co0s6w—coS7w
var(p) — ( ; ) (A.26)
32ssin8w
3+ 2cos2w
= ) ®
4ssmzwcosz(7)
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EK B MODIFIYE EDILMIS KOVARYANS FREKANS KESTIRICISI (N=4)

p ‘y1 A/B olarak ayirdigimizi varsayalim,

A

P=§;

A denklem B.1°de ki gibi gosterilir.

A == xl(xo + xz) + xZ(xl + X3) ES x0X1 + lexz + xe3

B denklem B.2’deki gibi gosterilir.

B - 2x12 + ZXZZ

A’nin beklenen deger ;
2

E[A] = 4%521 = 202%sz4

B’nin beklenen degert,

E[B] = 40%(s + 1)

(B.1)

(B.2)

(B.3)

(B.4)

p ‘nin beklenen degeri A ve B nin beklenen degerlerinin oranidir. Denklem B.5’de

gosterilmistir.
A1 o EIAl _ 2075z _ s _ s
Elp] = E[B] _ 402(s+1)  s+1C0S®W = 5P

p ‘nin bias degeri ise denklem B.6 ‘da ki gibi hesaplanir:

Cosw

o ~ 1
bias(p) = E[p] — p :ip—p =-——p=-=
A?’nin degeri;

A% = x0%x1% + 4x1%x,% 4+ x32x3% + 4x1%x0%xy + 2X0X1XpX3 + 4X52 X1 X3

28
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= X%x1% + 4x12%,% + x%x3% 4+ 4x12x0x, + 45701 X5 + 2X0X1 X X3

A?nin beklenen degeri denklem B.8’de gosterilmistir.

ot ot ot
E[A?] = 67 [4(s + 1) + s%2z,] + 87 [s22 + 2s(s + 1)z,] + 2752(24 +2z,+2)
4
= "7 [(225% + 245 + 12) + (1252 + 85)z, + 522,] (B.8)

(E[A])? nin formiil hali;
(E[A]? = 40*s%(z, + 2) = 2 (1657 + 8522,) (B.9)

Buluntular B.10 denkleminde yerine yazilirsa A ‘nin varyansi elde edilir.

var(4) = E[A?]—(E[A])? (B.10)

= —[(6s? + 24s + 12) + (4s? + 8s)z, + s%2,]

ot
2

B?’in degeri;

B2 = 4x,* + 4x,* + 8x,%x," (B.11)
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B?’in beklenen degeri;

E[B2] = 837 (s? + 4s +2) + 82 [4(s + 1)? + 522,] (B.12)

[(40s? + 128s + 64) + 4s%2,]

ot
2

B ‘nin varyansmi hesaplayabilmemiz i¢in (E[B])? degeri denklem B.13’deki gibi
hesaplanmaktadir.

(E[B])? = 160%(s + 1)? = Z-(3252 + 64s + 32) (B.13)

B’nin varyansi denklem B.14 ile hesaplanir:

var(B) = E[B%]—(E[B])? (B.14)
= 7 [(85% + 64s + 32) + 4572,

AB degeri;

AB = (xgx1 + 2x1%5 + x,%3) (2x1% + 2x,2) (B.15)

= 2x.3%0 + 4x,3x, + 4x,3x; + 2x,3%5 + 2x12%,%5 + 2x,%x0%;
AB ‘nin beklenen degeri denklem B.16’da ki gibi hesaplanmaktadir.

4 4
E[AB] = 12°%5(s + 2)z; + 42 [s%23 + 25(s + 1)z4] (B.16)
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= 2 {[365(s +2) +8s(s + D]z, + 45225}

= —[(44s% + 80s)z, + 4s%25]

ot
4

(A,B)’nin kovaryansinin hesaplanabilmesi i¢in E[A]E[B] degerine ihtiyacimiz vardir.

E[AIE[B] = (20252,)[40%(s + 1)] = 80*s(s + 1)z, = 2 (3252 + 325)z

(A,B) ‘nin kovaryansi denklem B.18 ‘de ki gibi hesaplanir.

cov(4, B) = E[AB] — E[A]E[B]

4
= % [(12s2 + 48s)z; + 45%25]

p ‘in varyansi A,B cinsinden degeri denklem B.19’da ki gibidir.

var(p) = (L)?var(A)+ (Z—§)2 var(B) + 2(2) (E2)cov(4, B)

__ B?var(A)+A%var(B)—2ABcov(A,B)
= i

(E[B])?var(A) degerinin hesaplanmast;

(E[B)?var(A) = 160*(s? + 25 + 1)
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4
.2 [(6s2 4 24s + 12) + (452 + 85)z, + 52z,
2

= 808[(6s* + 3653 + 6652 + 485 + 12) + (4s* + 1653 + 2052

+8s)z, + (s* + 253 + 52)z,]

(E[A])?var(B) degerinin hesaplanmast;

(E[A])*var(B) = 40*s,(2 + 2,)20*[(25? + 165 + 8) + 5°2,] (B.21)
= 80852[(6s* + 3253 + 1652) + (4s* + 1653 + 852)z, + 5%24]

A,B ‘nin beklenen degerleri ile (A,B) ‘nin kovaryansinin ¢arpimi denklem B.22 ‘de
gosterildigi sekildedir:

E[AlE[B]cov(A,B) = (20%sz1)40%(s + 1)0*[(3s? + 125)z; + s%25] (B.22)

= 808[(6s* + 3053 + 2452) + (4s5* + 1653 + 125%)z,

+(s* + 53)z4]
Islem kolaylig1 olmas1 adina Pay ve Payda ayr1 ayr diisiiniiliirse;
PAY = 808[(8s3 + 34s? + 48s + 12) + (452 + 85)z, + 5%24] (B.23)
PAYDA = (E[B])* = [40%(s + 1)]* = 25608(s + 1)* (B.24)

(p) ‘nin varyansi denklem B.25 ile hesaplanir.
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(453+1752+245+6)+(252+45) 2, +55%24
16(s+1)%

var(p) =

A~ 1
var(p) - +

EK C PRONY FREKANS KESTIRICiSI (N=4)

p denklemi A,B olarak pay ve paydasina ayrildigini varsayarsak,

X1X2—XoX3

~ _A
p_xz—xx+x2—xx_B
1 0X2tx2 1X3

A ‘nin beklenen degeri denklem C.2°de ki gibi hesaplanir:

2

E[A] = =-5(21 — 23)

B’nin beklenen degeri denklem C.3 ‘de ki gibi hesaplanir:

2
E[B] = 20%(s +1) - Z%SZZ = 02[2(s + 1) — 52,]

p’nun beklenen degeri ;

E[p] = # _ _S(z1—z3) _ 25(cosw—cos3w)

E[B] - 4(s+1)-2s2, " 4s+4-45c0s2w

_ 2s(cosw—4cosdw+3cosw) _ 2ssinwcosw
4s(1—cos2w)+4 2ssin?w+1
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p ‘mn bias ‘1 denklem C.5 “‘de ki gibi hesaplanir:

CcCosw

bias(p) = E[pl —p = — S ——3— (C.5)
A? “in degeri,
AZ = x12x22 + xOZX32 - szxleX3 (C6)
A? “in beklenen degeri ,
2 2
E[A?] = "7 [4(s + 1) + s2z,] + UT [4(s + 1)? + 52z, (C.7)
0.2
—25%(24+ 22+ 2)
= %2{[8(5 +1)2 — 452] + (5% — 252)z, — 25%2, + 5% 24}
= %2 [(4s2 + 165 + 8) — 5%z, — 2527, + 5%24]
(E[A])? de hesaplanirsa A ‘nin varyanst igin gerekli tiim ifadelere ulasmis oluruz.
2
(E[AD? = %-s%[(z, +2) + (26 + 2) — 2(24 + 2,)] (C.8)

2
= %52(4 —Zy — 224 + Zg)
A’nin varyansi, genel formiilde bulunan ifadelerin yerine yazilmasiyla olusturulur.

var(4) = E[A%]~(E[A])? = % (165 + 8) = o*(4s + 2) (C.9)

Diger adim B? ‘nin hesaplanmast;
9
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B? = x;* + x9%x,2 + x5 + x1%x52 (C.10)
—2x1%x0%, + 2x1%x,% — 2x,3%5

—2x,3%x0 + 2X0X1X5X3 — 2X5% %1 X3

= x14 + x24 - ZX13X3 - 2x23x0 + xozsz + x12X32 + 2x12x22

—2x12%0X; — 2X52%1X5 + 2X0X1 X2 X3

B? ‘nin beklenen degeri denklem C.11 ile hesaplanr:

2 30'4 2 30'4
E[B ]=27(s +4$+2)—475(s+2)z2 (C11)
ot 2 2 ot 2 2
+2:[4(s +1)% +5%2,4] + 2?[4(5 + 1)* + 5°2,]

4 4
—4% [s22 + 2s(s + 1)z,] + 2%52(24 +2z,+2)

4
= T {[(125? + 485 + 24) + 16(s + 1)2 — 852 + 457]
+[—12s(s + 2) + 252 — 8s(s + 1) + 25?%]z,
+(25% + 25%)z,}
4
= 2 [(245? + 805 + 40) + (—165 — 325)z, + 45°2,]

= 0*[(6s? + 20s + 10) + (—4s? — 85)z, + 5%2,]

B’nin beklenen degerinin karesi de hesaplandiktan sonra B ‘nin varyans hesaplama
formiiliinde buluntular yerine yerlestirilir:
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(E[B)? = 0*[4(s + 1)? + s%(24 + 2) — 45(s + 1) z,] (C.12)
= 0*[(65% + 85 + 4) + (—4s% — 45)z, + 5%2,]
B’nin varyansi denklem C.13‘de ki gibi hesaplanir:
var(B) = E[B?]—(E[B])? = 0*[(12s + 6) — 452,] (C.13)
= 20*[(6s + 3) — 252,]

AB ifadesi denklem C.14‘de ki gibi elde edilir:

AB = (xle - x0x3)(x12 - xoxz + x22 - x1X3) (C14)

= x13x2 - szxoxl + x23x1 - xlzxe3

—X12%0%3 + X2 XyX3 — X2 X0X3 + X32X0X;

30* ot 5 ot 5
= ZTS(S +2)z; — ZT[S z3+ 2s(s + 1)z, — ZT[S zy + 2s(s + 1) z5]

4
+2% [s2z5 + 25(s + 1)z]

_ 0_4{[35(5 +2)—2s(s+1)—s?+2s(s+1)]z; + [-s? — 2s(s + 1)]23}
B 2 +SZZS
= %4 [(2s2 + 65)z; + (—352 — 25)z3 + 52Zz:]

A’nin B’nin beklenen degerlerinin ¢arpimi,
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E[AIE[B] = 2 (s, — s2)[2(s + 1) — 2] c15)
= %4 [2s(s + 1)z, — s%(z3 + z1) — 25(s + 1)z5 + 52(25 + z;)]

4
= c%{[Zs(s +1) —s?+5%]z; + [-s? — 2s(s + 1)]z3 + s°z5}

=—[(2s% + 2s)z; + (=352 — 28)z5 + 5%z

0.4
2
A ve B’nin kovaryansi elde edililr,

cov(4, B) = E[AB] — E[A]E|B] (C.16)
= %4 (4sz,) = 0*(2s2;)

(E[B])?var(A) ve (E[A])?*var(B) degerleri ayr1 ayr1 denklem C.17,C.18‘de ki gibi
hesaplanir:

(E[BD?var(A) = 6*[(6s% + 85 + 4) — (452 + 4s)z, + s%z,]0*(4s + 2) (C.17)
. 08[(24s3 + 44s% + 325 + 8) — (1653 + 2452 + 8s)z,

+(4s3 + 25%)
(E[AD?var(B) = %4 (452 — 5%z, — 25%2, + 5%2¢)20*[(6s + 3) — 252,] (C.18)

8
= "7 [(24s3 + 1252) — 8532, — (653 + 352)z, + 253(2, + 2)

—(1253 + 652)z, + 453(25 + 25) + (653 + 352)z5 — 253(2g + 24)]
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8
= 2-[(285% + 125%) + (10s® + 35%)z, — (125° + 65%)2,

+(10s3 + 352)z, — 25325]

A ‘nin ve B’nin beklenen degerlerinin ve (A,B)’nin koveryas ¢arpimi denklem C.19 ile
hesaplanir:

(E[AJE[B])cov(A,B) = 674 [(2s% + 25)z; — (352 + 28)z5 + s?z5]o*(2sz;)  (C.19)

8
=2 [(8s® + 85%) — 2532z, — (4s° + 45%)z, + 25°2]

Pay ve Payda ayr iki birim olarak kabul edilirse ,
PAY = ¢®[(24s3 + 445 + 325 + 8) — (1653 + 2452 + 85)z, + (453 + 25%)z,

+(14s3 + 652) — (553 + %sz) Z, — (653 + 352z, + (553 + %sz) Zg — S5zg
—(8s3 + 852) + 253z, + (453 + 45%)z, — 25324] (C.20)

= o8[(30s% + 4252 + 325 + 8) — (1953 + %52 + 85) Zy

+(2s3 + 352z, + (353 + %SZ) Zg — S°27g]
PAYDA = (E[B])* = 68(2 + 25 — s2,)* (C.21)
= 08[2 4+ 2s(1 — cos2w)]* = 08(2 + 4ssinw)*
= 1608(1 + 2ssinw)*

PAY - 30 — 19z, + 2z4 + 3z¢ — zg (C.22)
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PAYDA - (16.16)ssin8w (C.23)

p’nin varyansinin en sade hali 94’de gosterildigi gibidir:

15—19cosw+2co0s4w+3co0s6w—cos8w
(C.24)

var(p) - 128ssin8w

_ 3+ 2cos2w
T 4ssin?w

EK D DESA-1 FREKANS KESTIRICiSi (N=5)

p denklem D.1‘de gosterildigi gibidir:

A~ — 2(x22—x1x3)—(x12—xoxz)—(x32—x2x4)+x1x2—x0x3+x2x3—x1x2 (D 1)
p 4(xz%—x1x3) '

Denklemi As, Bs olarak siniflandirirsak,

B—S:

As denklem D.2 ile gosterilir,

As = x32 — x1x3 — X712 + XXy + X1 X5 — XoX3 (D.2)

+x22 - X1x3 - x32 + x2x4 + x2x3 - x1X4
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= A4 + (XZZ - x1X3 - x32 + x2x4 + x2x3 - x1X4_) == A4_ + :41

Bs denklem D.3 ile gosterilir;
Bs = 2[2(x* — x1x3)] = 2B,

A, nin degeri;

A4 - x22 - x32 - X1X3 + xZX4_ + XZX3 - X1X4

Ay’in beklenen degeri;

0.2

pe a? a?
E[A4] = Szy =523 = ?s(zl — Z3)

As ‘in beklenen degeri denklem D.6’da gosterilmistir.

E[As] = E[A,] + E[A,] = 0%s(z, — 2z3)

Bs ‘in beklenen degeri D.7 ‘de gosterilmistir.

E[Bs] = 2E[B,] = 0%[4(s + 1) — 252,]

p ‘un beklenen degeri denklem D.8‘de gosterilmistir.

2

E[As] _  s(zi-z3) _ 2ssinwcosw

E[Bs]  4(s+1)-2sz,  1+2ssin?w

E[p] =
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p ‘min bias degeri denklem D.9‘da gosterilmistir.

cosw

bias(p) = E[pl —p = = —— (D.9)
A,? degeri denklem D.10’da gosterildigi gibidir:
A42 = x24 + X34 + x12x32 + xZZX42 + xZZX32 + x12X4_2 (DlO)
—2X,2x3% — 2x,221 X5 + 2X53%4 + 22,3%5 — 2X,% %1%,
+2x33x; — 2x3%x5%4 — 2X3%%5 + 2X32%1 X,
_lex3x2x4 - ZX3ZX1XZ + ZX12X4_X3
+2x,2x4%5 — 242X Xy — 2X1X3XX,
—2
A4 = x24 + x34 + ZxZ3X4_ + 2x23x3 + ZX33x1 - 2x33x2
+x1%x3% + x52%,% — 2,232 + x1%x42
—2X52%1X5 — 2X52%1 X4 — 2X32 XX, + 2X3°%%X1 X4
—ZX32x1X2 + 2X12X3X4, + 2x22X3x4 - 2x42X1x2 - 4‘x1xe3X4
A,?1n beklenen degeri:
57 36 , 5 30*
E[A, ]=27(s +45+2)+475(s+2)z2 (D.11)

4
+207 [4(s + 1)2 4 s22,]

ot
4

4
[4(s + 1)% + 5%z, + UT [4(s + 1)2 4 s2z,]

4 4 4
—4%[522 + 2s(s + 1)z, — 2%[5221 + 2s(s + 1)z3 — 4%52(24 + 7z, +2)

4
= 2-{[(125® + 485 + 24) + 8(s + 1)* — 85 — 857
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+[12s(s +2) —s2 —8s(s + 1) — 4s%]z, + (252 — 45%)z4 + %2}

4
% [(4s? + 64s + 32) + (—s? + 165)z, — 25%2z, + 5% z4]

A:Z "nin beklenen degerinin karesi denklem D.12°deki gibi hesaplanir:

(E[AL])? = (E[AL])? = "74(452 — 522y — 25%7, + 5%2¢) (D.12)

A:Z ‘nin varyansi denklem D.13’de gosterildigi gibi hesaplanir:

var(A;) = E [432] ~(E[])? = Z-[(64s + 32) + 1652,] = var(4,) (D.13)

A4A: = (xZZ - X1X3 - x12 + xOxZ + xle - XOX3) (D14)

(0?2 = x3% —xyx3 + XX, + XpX3 — X1X4)
— 4
= xz
A4A4 = x24 - x22X32 - XZZX1X3 + X23X4, + x23X3 - X22x1X4 (D15)

—X32%x1X3 + X353%7 + x1%x3% — X1 XpX3X, — X321 X, + X123 X3%,
—X12%52% 4+ x12%3% + x13%3 — X12%X, — X12%%3 + X13%,
3. .2 _ 2 2 _
+X57Xg — X3°XgXy — XgX1X2X3 + X XgX4 + X2°XgX3 — XgX1X2X3
3. _ . 2 .2 2 2 2
+x,3%; — X3%x1%5 — X12X3%3 + X2 X X4 + X2 X1 X3 — X12X0X,

_szxOxg + x33x0 + X32x0x1 - x0x1x2x3 - x32x0x2 + xoxlexg

42



= x,% + 3%, + x,3%03 + x33x; + x3x5 + x3%, + x,3%0 + x,3x; + x33x,

—XZZX32 + 2x12X32 - x12x22

—x2%1 03 — 2x3%%1% + X12X3%4 — 2X12%5X, — 2X1%%,X5
2

—2X3°%0X, + X3 2X0X4 + X3%X0X;

—X1X3X3Xy — XgX1X2X3 — XgX1X2X4 — XgX2X3X4 + XgX1X3X4

A, A, ‘i beklenen degeri;

— 4
E[AyA,] =2 (s? +4s + 2)
30* 30* 30%
+4TS(S +2)z, + ZTs(s +2)z, + ZTs(s + 2)z5
ot 242 ot 242
—2:[4(5 + 1)*+s%z,] + 27[4(5 + 1)%+s%2z,]
0'4 2 0'4 2
by [s°2 + 2s5(s + 1)z,]| — 4— [s°z5 + 2s(s + 1)z ]
) )
+2:[s Zs + 2s(s + 1)z,] — 47 [s224 + 25(s + 1)z,]
0.4
+ [s22 4+ 25(s + 1)z4]
ot 2 ot 2
-2 s (24 + 2, +2) — 25 (zs + 23+ z1)

0'4 2
ts (zg + 2, + 2)
A,A, m beklenen degeri diizenlenirse;

— 2
E[A4A,] = 2= {(65® + 245 + 12 — 25 + 257 — 457 + 25%)

+[6s(s + 1) —8s(s + 1) + 4s(s + 1) — 2s?%]z

+[12s(s +2) — 252 = 2s(s + 1) — 8s(s + 1) — 252 + s%]z,

+[6s(s + 2) — 4s% — 252z,
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+[2s% — 4s% + 25(s + 1) — 25?%]z,

+(25% — 25%)zs + %z}

2
o
=T [(4s? + 24s + 12) + 8sz; + (—s% + 145)z, + 12523 + (—252 + 25)z,

+ 52z¢]

E[AE[A,] = E[AJE[A,] = (E[AL])? = "f (4s? — 5%z, — 25z, + s%z5)  (D.18)
(A4:4:) ‘in kovaryansi denklem D.19’daki gibi bulunur:

cov(A,A,) = E[AAL] — E[AL]E[AL] (D.19)

= 2 [(245 + 12) + 852, + 1452, + 12525 + 2524
var(As) ‘im A, ve 4, cinsinden degeri denklem D.20’de gosterildigi gibidir;
var(4s) = var(A4 + Zf;) =var(A4,) + var(if;) + 2cov(A4,, 4,) (D.20)
= var(A,) + var(A,) + 2cov(A,, 4,)

= 2var(A,) + 2cov(4,, 4,)

4
= %{[645 + 32) + 16sz,] + [(24s + 12) + 8sz; + 1452z, + 12524

+252,4]}
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[(88s + 44) + 8sz; + 30sz, + 12525 + 252,]

0.4-
T4

var(Bs) in B, cinsinden ifadesi;

var(Bs) = var(2B,) = 4var(B,) (D.21)

= (1925 + 96)
(4s, Bs) ‘in kovaryanst ,
cov(As, Bs) = cov(A4 + Ay, 2B, (D.22)
= 2cov(Ay4, By) + 2cov(Ay, By)
Ay, B, ifadesi acilir ise,
Ay, By = (3% — x3% — x1X3 + XXy + Xpx3 — X1%4) (2%,% — 2%, X3) (D.23)

= 2x24 - ZXZZX32 - 2X22x1X3 + ZXZ3.X4, + 2X23x3 - 2x22x1x4

—2x,2x1 X5 + 2x33%x; + 2x12x3% — 2X1X5X3%, — 2X3%%X1 X, + 2212 X3,

= 2x24 + 2x23x4 + 2x23X3 + ZX33X1 - ZxZZX32 + 2x12X32

—4x,2x1X5 — 2X52X1 X4 — 2X32X1 X5 + 2X12X3X, — 2X1XpX3X4
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A,B, ‘i beklenen degeri denklem D.24’de ki gibi hesaplanir:

P 4 4 4
E[A,B,] =2 3%(52 +4s+2)+ 4%5(5 +2)zy + 2 3%s(s +2)z, (D.24)

ot 2 2 ot 2 2

—2:[4(5 + 1) +5s%2,] + 27[4(5 + 1)% + 5%2,]
0'4 2 0'4 2

—47 [s°2 + 2s(s + 1)z,] — ZT[S zy + 2s(s + 1) z5]
0'4 2 0'4 2

-2 [s°z3 + 2s(s + 1)z,] + 2 [s°z5 + 25(s + 1)z]

0.4-
—25%(24+ 22+ 2)
4
= "7{[1252 + 48s 4 24) — 852 — 452]
+[65(s + 2) — 252]2z1[125(s + 2) — 252 — 8s(s + 1) — 25?]z,
+[—4s(s + 1) — 252]z3 + (25% — 25%)z, + 2522z}
4
= "7 [(48s + 24) + (4s% + 125)z, + 1652, — (652 + 45)z3 + 25225
Buluntular denklem D.25°de yerine yerlestirilirse;
—_ 4
E[A,)E[B,] = E[A,)E[B,] = UT [(4s2 + 45)z; — (65% + 45)z5 + 252 z:] (D.25)
A4, B, kovaryansi;

cov(A,, B,) = E[A,B,] — E[A,]E[B,] (D.26)

4
= % [(48s + 24) + 852, + 16527, ]

46



= cov(Ay4, By)

(As, Bs)’in kovaryansi

cov(As, Bs) = 0*[(48s + 24) + 8sz; + 1652,] (D.27)
= 4cov (A4, By)

(E[BsD?var(4s) = (2E[B4])?*var(4s) = 4(E[B,])*var(4s) (D.28)

8
= "7 [(2452% + 325 + 16) — (1652 + 165)z, + 4522,]

. [(2s? — 88s + 44 + 85z, + 3052z, + 12525 + 2524]

= 408[(652 + 8s + 4) — (4% + 45)z, + s%2,4]

. [s% + 44s + 22 + 4sz; + 1552, + 6523 + 52,]

= 408[(63* + 26453 + 48452 + 3525 + 88)
+(24s3 + 3252 4+ 165)z; + (9053 + 120s?% + 60s)z,
+(3653 + 4852 + 245)z3 + (653 + 852 + 45)z,
—(4s* + 17653 + 264s? + 88s)z, — (1653 + 1652)(23+2;)

—(60s3 + 605%)(z4 + 2) — (2453 + 245%)(z5 + z1)
—(4s3 + 45%)(zg + ) + (s* + 4453 + 225%)z, + 453(25 + 23)

—1553(z¢ + ) + 653(27 + 21) + 53(zg + 2)]

(E[BsD?var(4s) = 408[(264s> + 484s? + 3525 + 88 — 12053 — 12052 + 2s3) (D-29)
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+(24s3 + 3252 + 165 — 1653 — 1652 — 2453 — 2452 + 65%) 74
+(90s3 + 120s? + 60s — 17653 — 264s% — 88s — 453

—4s% 4+ 155%)z,

+(36s3 + 4852 + 245 — 1653 — 1652 + 453) 24

+(653 + 852 + 45 — 6053 — 60s? + s* + 44s3 + 225%)z,
+(—24s3 — 24s% + 453)zs + (—4s3 — 4s5% + 1553)z,

+653z, + s32z4]
= 408[(6s* + 146s> + 364s% + 3525 + 88)
+(—10s3 — 852 + 165)z; + (—7553 — 14852 — 28s)z,
+(24s3 + 3252 + 24s)z3 + (—10s3 — 3052 + 45)z,

+(—20s3 — 245%)zc + (1153 — 452)zs + 6532, + s32z4]

(E[As])?var(Bs) in degeri A4B, cinsinden denklem D.30 ‘da gosterildigi gibi yazilirsa,
(E[As])?var(Bs) = (E[A4 + Z;])zvar(234) = (2E[A,])*var(2B,) (D.30)
= 16(E[A,])?var(By)

=1608[(24s3 + 1252) — (653 + 352)z, — (1253 + 65%) 2,

+(653 + 35%)z4]

E[As]E[Bs]cov(As, Bs) = (2E[A4])(2E[B,])4cov(Ay, By) (D.31)

= 16E[A,)E[B,]cov(A,, B,)
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= 808[(8s3 + 852%) + (20s3 + 3652 + 125)z; — 2532,

—(24s3 + 3452 + 125)z3 — (453 + 45%)z,
—25%z¢ + 253z, + 4532,]

Denklem pay ve payda olarak iki bilesene ayrildiginda pay denklem D.32°deki gibi
hesaplanir:

PAY = 408

{[634 + 14653 + 3645 + 3525 + 88) + (9653 + 4852) — (3253 + 3252)]
+[(—10s3 — 8s2% + 16s) — (8053 + 14452 + 485)]z,

(D.32)
+[(4s* — 7553 — 14852 — 28s) — (2453 + 1252) + (85%)]z,

+[(24s3 + 32s% + 24s) + (9653 + 13652 + 485)] 23

+[(s* — 1053 — 3052 + 45) — (4853 + 2452) + (1653 + 165%)]z,

+[(—20s3 — 24s%) + (852)]zs + [(11s3 — 452) + (2453 + 125%) — (85%)]z,
+[(6s3) — (1653)]z; + s3zg}

= 408[(6s* + 21053 + 38052 + 352s + 88)
—(90s3 + 15252 + 325)z,
—(4s* +91s3 + 16052 + 285)z,
+(120s3 + 16852 + 725) 2
+(s* — 4253 — 3852 + 45)z,
—(20s3 + 1652)z5 + (2753 + 85%)z4

—10s32z, + s3zg]

Payda denklem D.33’de ki gibi hesaplanir:
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PAYDA = (E[BsD* = (2E[B,])* = 16(E[B,])* (D.33)
= 25608(1 + 2ssin?w)*
p ‘nin varyansi hesaplanirsa;

var(p) = [(105s3 + 190s? + 176s + 44) — (4553 + 7652 + 165) 7, (D.34)
- (92—1 s3 +80s? + 145) Z, + (60s3 + 8452 + 365)z;3
—(21s3 + 1952 — 25)z, — (1053 + 85?) 2
+ (22—753 + 452) zg — 553z, + (%53)28]

= 32(1 + 2ssin*w)*

p ‘nin varyansinin en sade sekli denklem D.35°de gosterildigi gibi bulunur.

A (105-90cosw—91cos2w+120c0s3w—42c0s4w—20c0S5w+27c0s6w—10c0s7 w+cos8w)
var(p) — , (D.35)
512ssin8w

_ 12 — 14cosw + 8cos2w — cos3w
B 3255in20052(w/2)
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EK E DESA-2 FREKANS KESTIRICISI (N=5)

p denklemi A,B olarak pay ve paydasina ayrildigini varsayarsak,

xZZ—XOX4—xlz+x0x2—xS2+xe4 A

p - 2x22—2x1x3 - B

- X32 - XOX4 + Xoxz + XZX4_

A ‘nin beklenen degeri denklem E.3 ‘de gdsterildigi gibidir.

o? o?
E[A] = 0%(s+1) — = SZ4 + 2552,

2
= "7 [2(s + 1) + 252, — 524]

B’nin beklenen degeri denklem E.4’de gosterildigi gibidir.
2
E[B] = 26%(s+ 1) — 2%522 =0%[2(s + 1) — 52,]

p ‘nin beklenen degeri;

E[p] = E[A] _ —2(s+1)+2sz5—-sz4 _ (=2+225-2,)5-2
P E[B] ~  2[2(s+1)-sza]  2[(2-z)s+2]
__ 2z
@ =z)zs -2 22 (2—12y)s
C2[2—-z)s+2] 2
2[1+ —(2 — ZZ)S]
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2

_ 4ssin‘w  _ cos2w — (————
21t ) ) 1 2 + 4ssinw
4ssin®w 2ssin*w
p’1n bias degert;
. AN A —_ —1 —1
bias(p) = E[p] —p = — 12ssinze CO0%® T Jiassin?e
1+ 2cos2w

"~ 2(1 + 2ssin?w)

A? denklem E.7 ‘de gosterildigi gibi bulunur,

A% = 0% + x0t + xgt + x%x,% + xp2 %52 + xp%x,?
—2x12%,2% — 2%5%x3% — 2% x0%4 + 2X,3%x0 + 22,3,
+2x1223% + 2%, 2%0X4 — 2X12X0Xy — 2X12 X3y
+2x32%0%, — 2X3%X0Xy — 2X3%X5%,

_Zxozxe4, - ZX4,2xOx2 + 2x22x0x4

A?’nin beklenen degeri denklem E.8’de gosterildigi gibi hesaplanur.
4 4
E[A?] = 33%(52 +4s+2)+ 43%5(5 +2)z,
a* 2 2 ot 2 2
+7[4(s +1)“+s z8]47[4(s + 1)% + 5°24]
4
—4% [4(s + 1)? + s22,]

4 4
+4"T [s2z, + 25(s + 1)z,] — 4"T [s22 4 2s(s + 1)z,]

52
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4 4
—4% [s224 + 25(s + 1)z,] — 4% [s%2¢ + 25(s + 1)z,]

= %4 [(14s2 + 80s + 40) + (—1252)z, + (852 + 8s)z, — 45°z¢ + 5%2g]
A ‘nin varyans degerinin hesaplamasi i¢in E.9 denkleminde buluntular yerine yazilirsa,
var(A) = E[A%?]—(E[A])? (E.9)
= Z[(725 + 36) + 852, + 4s2,]

= o*[(18s + 9) + 252, + 524]
Ayni islemleri B? iginde yaparsak;
BZ = 4‘X24 + 4x12X32 - 8X22.X1X3 (ElO)

B?’in beklenen degeri hesaplanr:

4 4
E[B?] = 42 (s? + 4s + 2) + 42 [4(s + 1)? + 5%2,] (E.11)

4
—8% [s22 + 25(s + 1)z,]
4
= 2 {[(2452 + 965 + 48) + 16(s + 1) — 1652] — 165(s + D)z, + 4522,

4
= 2-[(24s® + 1285 + 64) — (165 + 165)2, + 4522,]
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= 0*[(65% + 325 + 16) — (452 + 45)z, + 5%24]

B’nin varyansimi hesaplamak i¢in ihtiya¢ duyulan (E[B])? degeri denklem E.12 ile
hesaplanir.

(E[BD? = 0*[4(s + 1)? + 5%(24 + 2) — 4s(s + 1)z,] (E.12)

= 0*[(65% + 85 + 4) — (452 + 45)z, + 5°2,]

B ‘nin varyansi E.13 genel formiilde buluntular yerlestirilerek hesaplanir.

var(B) = E[B%]—(E[B])? (E.13)

=0*%(24s + 12)

AB i¢inde ayni sistemi uygulayacagiz,

AB = (x22 - xOX4 - Xlz + xoxz - X32 + x2x4)(2x22 - 2x1X3) (E14‘)

= 2x,% — 252 %0%4 — 2%1%%5% + 2x,3%0 — 2x5%%3% + 2x,5%,

—2x22x1x3 + 2XOX1X2X3 + ZX13X3 - 2X0x1X2X3 - 2x0x1xe3

+2x33x; — 21 X,X3%X,

= ZXZ4 + ZxngO + 2x23x4 + 2x13x3 + 2x33x1

—2x,2%0%, — 2x,2%1 %5 — 2x1%x,% — 2%, %32

+2xOX1X3X4, - ZxOxleX3 - lex2x3X4
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AB ‘nin beklenen degeri denklem E.15°de gosterildigi gibi hesaplanir.

E[AB] = 2% (s2 + 4s + 2) + 82T 5(s + 2)z (E.15)
2 4 2 )

4 4
—4% [4(s + 1)? + s%2,] — 2% [s22 4+ 25(s + 1)z4]
4

o
_ZT [s22 + 2s(s + 1)z,]

0'4 2 0'4 2
+2s (zg + 2, +2) — 4—s (z4 + 2, + 2)

ot
4

[(—1652 + 165 + 8) + (145% + 445)z, + (—8s? — 4s)z, + 25%24]

ot
2

[(—8s% + 85 + 4) + (7s% + 228)z, + (—45% — 25)z4 + 5%24]

Kovaryans (A.B)’yi hesaplamamiz i¢in E[A]E[B] denkleminede ihtiyacimiz
bulunmaktadir. Denklem E.16 ‘da gosterilmistir.

E[AIE[B] = Z-[~2(s + 1) + 252, — sz,][2(s + 1) — 52] (E.16)

2

[—4(s + 1)? + 2s(s + 1)z, + 4s(s + 1)z,

—25%(z4 +2) — 25(s + 1)z + 5%(2¢ + 25)]
4
= 07 [(—8s% — 85 — 4) + (7s% + 65)z, + (—452 — 25)z, + 5% z4]

Kovaryans (A,B) denklem E.17 ‘de ki gibi hesaplanir:

cov(4, B) = E[AB] — E[A)E[B] (E.17)
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=2 [(16s + 8) + 1652,]

ot
2

(E[B])?var(A) hesaplamas;

(E[B])?*var(A) = o8[(6s% + 8s + 4) — (4s% + 4s)z, + s%22,][(18s + 9) (E.18)
+252, + 524]
= 08[(94s3 + 18252 + 144s + 36) + (—62s3 — 9652 — 285) 2,
+(1653 + 95 + 45)z, + (—253 — 45%) 2, + s32z4]

(E[A])?var(B) hesaplamasi:

(E[A])?var(B) = o8[(14s% + 85 + 4) + (—125% — 85)z, + (85% + 45)z, (E.19)

—4s%z¢ + s%2g](6s + 3)

= 08[(84s3 + 90s% + 48s + 12) + (—72s> — 84s? — 245s)z,

+(48s3 + 4852 + 125)z,4 + (—24s3 — 125%)z4 + (653 + 352)zg]

E[A]E[B]cov(A, B) hesaplamasi:

E[AIE[B]cov(A, B) = Z-[~(8s? + 8 + 4) + (7s% + 65)z, (E.20)

—(4s% + 25)zy + 5%24][(8s + 4) + 852,]

[(48s3 + 64s + 16) — (4053 + 452 + 85)z,

o8
2

+(32s3 + 1652 — 85)z, — (2453 + 125%)z4 + 853 z4]
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Pay ve Payda olarak denklem E.21 ve E.22 ‘de gosterildigi gibi iki kisma ayirdigimizda;

PAY = o8[(130s3 + 272s% + 2565 + 64) — (9453 + 17652 + 445s)z, (E.21)

+(32s3 + 4152 + 245)z, — (253 + 452)zg — (s — 352) zg]

PAYDA = (E[B])* = 68[2(s + 1) — 52,]* = 1608(1 + 2ssinw)* (E.22)

p’m varyansi denklem E.23 “de ki gibi hesaplanr.

var(p) =

[(655° + 13652 + 1285 + 32) — (475> + 8852 + 225)z, + (1653 +47152 +125) 2z — (s + 25%)z5 — (%53 - %sz) Zg]

8(1 + 2ssinw)*

65—94c0S2w+32c05s4w—2c0s6wW—C0S8wW

var(p) - (E.23)

128ssin8w

_ 4 4+ cos2w
~ 2ssinw
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EK F MODIFiYE EDILMIS KOVARYANS FREKANS KESTIRICiSI (N=5)

As, Bs degerileri denklem F.1 ve F.2°de ki gibi hesaplanir;

As = Ay + Ay 5 Ay = x3(x5 + Xx4) = Xx3 + X3%4

BS=B4+§;' FBZ:2.X32

A, 1n beklenen degerinin degeri denklem F.3 ‘de hesaplanmustir.

E[4,] = o%sz,

As’in beklenen degerinin degeri denklem F.4 ‘de hesaplanmustir.

E[As] = E[A4) + E[4, | = 20252, + 0%sz, = 30?5274

B,’iin beklenen degerinin degeri denklem F.4 ‘de hesaplanmustir.

E[B,]| = 20%(s + 1)

Bs’in beklenen degerinin degeri denklem F.6 ‘da hesaplanmuistir.

E[Bs] = E[B,] + E[B,] = 402%(s + 1) + 20%(s + 1) = 602(s + 1)
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p ‘mn beklenen degeri denklem F.7 ‘de ki gibi hesaplanmustir.

E[As] 3025z, 521 s s
E[Bs) 602(s+1) 2(s+1) s+1 s+1

E[p] =

p’1n bias degeri denklem F.8 ‘de ki gibi hesaplanur.

cosw

bias(p) = E[pl—p=——p—-p=——p=-—

s+1 s+1 s+1

As’in varyans degeri denklem F.9 ‘da gosterilmistir.

var(As) = var(A, + 4,) = var(4,) + var(A,) + 2cov(Ay, Ay)

—2, .
A, ’in degeri;

—~2
AL = x%x3% + x3%2x,% + 2x3%%,x,

:4:2 ‘nin beklenen degeri denklem F.11 ‘de gosterildigi gibi hesaplanir.

—_— 4 4
E [A42] = 2% [4(s + 1)? + s22,] + 2% [s22 + 2s(s + 1)z,]

4
=2[(6s® + 85 +4) + (35 + 25)7,]
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Varyans’t hesaplayabilmemiz igin gerekli olan (E [:4:])2 degeri denklem F.12 ‘de
gosterildigi gibi bulunur.

—_— 4
(E[4L])? = o*s?(z, + 2) = "7(452 + 2522,) (F.12)
(;l:)’iin varyansi denklem F.13 ‘de gosterilmistir.

var(&,) = E [4,%| - (E[&;])? (F.13)

4
07 [(2s? + 85 + 4) + (s% + 25)z,]
A4 A, degeri denklem F.14’de gosterilmistir.
A A, = (XoX1 + 2X1X5 + X2%3) (XpX3 + X3X4) (F.14)

= XgX1XpX3 + XX X3Xs + 2X52X1 X5 + 2X1XpX3X4 + X2 %32 + X3%X%,

= x,%x3% + 2x,%x, X3 + X32 XX, + XgX1X3X3 + XX X3Xs + 2X1X5X3X,s

A4A, ‘m beklenen degeri denklem F.15°de gosterilmistir.

E(A4Ay) = 2 [4(s + D? + 572,] + 32 [s22 + 25(s + 1)z, (F.15)

0'4 2 0'4 2
+375 (Z4+Zz+2)+Ts (zg + 2z, + 2)
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= %4 [(1852 + 85 + 4) + (1152 + 65)z, + 352z, + 5%24]

E[A,]E[A,] degeri denklem F.16°da gosterilmistir.

E[AE[A,] = (20's21)(0%52;) = 20%5%(z, + 2) (F.16)
= %4 (1652 + 8s%z,)

(A4, :4:) degerinin kovaryansi denklem F.17°de gosterilmistir.

cov(Aq, A,) = E[ALA,] — E[AL)E[A,] (F.17)
= %4 [(252 + 85 + 4) + (352 + 65)z, + 352z, + 5%7¢]

As’in varyans degeri denklem F.18’de gdsterilmistir.

4
var(4s) = % [(6s2 + 245 + 12) + (452 + 8s)z, + 5%2,] (F.18)
4
+07 [(2s? + 85 + 4) + (s% + 25)z,]

4
+Z[(25% + 85 +4) + (35 + 65)7, + 3522, + 5774]

4
= 2-[(10s? + 405 + 20) + (85% + 165)2, + 4572, + 572]
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Bs’in varyansi denklem F.19 ‘da gosterildigi gibi hesaplanmaktadir.
var(Bs) = var(B,+B,) = var(B,) + var(B,) + 2cov(B,, B,) (F.19)

35:2 ‘in beklenen degeri denklem F.20 ‘de gosterildigi gibi hesaplanmaktadir.

—

2 4 30% (2 ot 2
E[B,°] = E[4x3*] = 47(5 +4s+2) = 7(125 + 48s + 24) (F.20)

4
(E[B])? = [20%(s + D]? = 40*(s2 + 25 + 1) = %(852 + 165 + 8)

B,’invaryansi denklem F.21°de hesaplanmustir.

var(By) = E |B.2| - (E[B,])? (F.21)

0-4
= —(4s* + 325 + 16)

B,B, degeri denklem F.22 “de gosterilmistir.
B4_’§; = (lez + Zsz)(ZX32) = 4‘X12X32 + 4‘X22.X32 (FZZ)

B,B,’in beklenen degeri denklem F.23 “de ki gibi hesaplanmaktadir.

— 4 4
E[ByBy] = 4°-[4(s + 1)* + 5%2,] + 47~ [4(s + 1)* + 5°2,] (F.23)
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4
=2-[(325® + 645 + 32) + 4572, + 45%2,]

B,, B, beklenen degerleri carpimi denklem F.24 “de hesaplanir.

E[B,E[B,] = [40%(s + 1)][26%(s + 1)] = 80*(s? + 25 + 1) (F.24)
= 2 (3252 + 64s + 32)

B,, B, ‘in kovaryansmin hesaplanmasi i¢in F.25 denkleminde buluntular yerine
yerlestirilir:

cov(B,,B,) = E[B4B,| — E[B,]E|[B,] (F.25)
0.4-
= (4s%z, + 4s%z,)
Bs ‘in varyansi F.26 denkleminde gosterilmistir.

var(Bs) = Z-[(85 + 64s + 32) + 4s72] (F.26)

4 4
+"7 (452 + 325 + 16) + "7(452z2 + 4s27,)

4
= "7 [(125% + 965 + 48) + 8522, + 4522,]
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Ag, Bs’in kovaryansi denklem F.27 ile gosterilmektedir.
cov(As, Bs) = cov(Ay4 + Ay, By + By) (F.27)
= cov(Ay, B,) + cov(Ay, By) + cov(4y, B,) + cov(4,, By)
A,B, degeri denklem F.28 ‘de gosterilmistir.
A4By = (xox1 + 2x1%5 + X3%3) (2%32) (F.28)
= 2x3%x0%1 + 4x3%x,%, + 2X3°%x,

A4B,’m beklenen degeri denklem F.29 ‘da gosterilmistir.

— 30* ot ot
E[A4B4] = ZTS(S +2)z; + ZZ[S Zs + 2s(s + 1)z,] + 4Z[s Z3

+ 2s(s + 1)z4]
4
= - [(185? + 245)z; + 45223 + 257 2] (F.29)

A, ve B, iin beklenen degerleri carpimi denklem F.30 “da gosterildigi gibi hesaplanir.

E[A4)E[B,] = (20%52))[202(s + 1)] = 40*(s? + s)7 (F.30)

0'4 2
= 7(165 + 165)z,
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A4, B, koveryans hesaplamasi denklem F.31 ‘de gosterilmistir.
cov(A,, By) = E[A4B,| — E[A4]E[B,]
= %4 (252 + 85)zy + 45%z5 + 25224
A,B, degeri denklem F.32 ‘de gosterilmistir.
A4By = (X2x3 + x3%4) (22,% + 2x,%)
= 2%, 2%,%3 + 2%, 2%3x4 + 2X5%%5 + 2x,%x3%,

A,B, 1n beklenen degeri denklem F.33 ‘de gosterilmistir.

— 30* ot
E[A4B4] = ZTS(S +2)z; + 4? [s%z5 + 2s(s + 1)z,]
4

o
+ ZT [s2z5 + 2s(s + 1)z,]

4
= GT [(18s?% + 245)z; + 45225 + 25%25]

A,ve B,iin beklenen degerlerinin ¢arpimi denklem F.34’de gosterilmistir.

—_— 4
E[A4)E[B,] = (6%521)40%(s + 1) = 40*(s? + 5)z, = J7(1652 + 165)z,

A4, B, “m kovaryansi denklem F.35’de ki gibi gosterilmektedir.

cov(Ay, By) = E[A,B,] — E[A,]E[B4]
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%4 [(25% + 85)z; + 45225 + 25%2]

A,B, degeri denklem F.36’da gosterilmistir.

ALB, = (xyx3 + x3%,) (2x32) = 2x33x, + 2x3°x, (F.36)
A4B, ‘n beklenen degeri denklem F.37 “de gosterilmistir.

—_—— 30% o 2
E[4,B,] = 4==s(s +2)z; = - (125% + 24s)z (F.37)

Ay, B, “iin koveryansmin hesaplanabilmesi igin A4y, B, ayr1 ayr1 beklenen degerlerinin

carpimlarina ihtiyacimiz vardir . Bu ¢arpimlar denklem F.38’de gosterilmistir.
—_— —_— 4
E[A4)E[B4] = (0%521)20%(s + 1) = 20*(s? + s)z, = %(852 + 85)z, (F.38)

Ay, B, “iin kovaryansi denklem F.39°da gosterilmistir.

—_— o~

cov(Ay, By) = E[4,B,] - E[4,)E[By] (F.39)

0'4 2
= (4s% + 16s)z4
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AsBs ‘in kovaryansi denklem F.40 ‘da gosterilmistir.

4

o* o
cov(AsBs) = T [(125% + 48s)z; + 4s%z3] + T [(2s2 + 8s)z; + 45223 + 25%2¢]

4 4
+2-[(252 +85)z; + 45223 + 25225] + = [(4s? + 165)z]

(F.40)
= %4 [(20s2 + 80s)z; + 125225 + 45%2]

(E[Bs])?var(As) degeri hesaplamasi denklem F.41 ‘de verilmistir:

(E[Bs])?var(A4s) = 360*(s? + 2s + 1) (F.41)

4
. 2 [(10s% + 405 + 20) + (85 + 165)2; + 4522, + 572]

= 1808[10s* + 60s3 + 11052 + 80s + 20) + (8s* + 32s3
+40s2 + 165)z, + (4s* + 853 + 45%)z,
+(s* + 253 + 5%) 2]
(E[As])?var(Bs) hesaplamasi denklem F.42 ‘de verilmistir.

(E[AsD?var(Bs) = 90%s%(z, + 2)4%4 [(Bs? + 24s + 12) + 25%z, + s%z,] (F.42)

= 1808[(10s* + 48s3 + 245%) + (8s* + 2453 + 125%)z,

+4s*z, + s*z4]
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E[As]E[Bs]cov(As, Bg) degeri denklem F.43’de hesaplanmustir.

E[A5E[Bs]cov(As, Bs) = (30252,)60%(s + 1)2 % [(10s? + 405)z, (F.43)

+652Z3 + ZSZZS]
= 908[(20s* + 10053 + 80s?)
+(16s* + 5653 + 4052)z,

+(8s* + 853)z, + (25* + 253)z4]

Islem kolaylig1 olmas: agisindan denklem F.44 ve F.45 ‘de gosterildigi gibi pay ve
payda olarak iki kisma ayirilirsa;

PAY = 1808[(8s3 + 5452 + 80s + 20) + (1252 + 165)z, + 45%z, + s?z¢]  (F.44)
PAYDA = (E[Bs])* = [60°(s + 1)]* = (36.36)08(s+1)* (F.45)
p ‘nin varyansi denklem F.46 ile hesaplanir.

(453+2752+405+10)+(65%+85)z, +25%2,4 +%5226
36(s+1)*

var(p) = (F.46)

A~ 1
var(p) - 5
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EK G MODIFIYE EDILMIiS PRONY FREKANS KESTIRICISI

p asagida goriilen denklem G.1 ile bulunur.

X1 Xy — Xg X3 + Xy X3 —X1.X4

(>

o A
b= . (G.1)

4(955 — Xp * X3)

Burada p ‘nin pay ve paydasina A, B dersek Denklem G.2 , G.3 ile gosterilirse;

A=x1 X3 —Xg X3+ Xy X3 — Xx1.X4 (G.2)
B =4(x3—x;x3) (G.3)
A’nin beklenen degeri denklem G.4 ile hesaplanir.
E[A] = E[x1 xZ] - E[xo x3] + E[XZ x3] - E[x1 x4]
(G.4)
a2s 2
=5 (21— 23+ 21 —23) = 0°5(21 — z3)
B’nin beklenen degeri denklem G.5 ile gosterilmistir.
E[B] = 4(E[x}] — E[x; - x3]) (G5)

= 402 [(s +1) — %zz]

=0?[4(S + 1) — 252,]
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p’nin beklenen degeri denklem G.6 ile hesaplanir .

E[A]  s(zy—z3)
E[B] 4(s+1) —2sz,

Elp] =

B 2s(cosw — cos 3w)
" 4(s+ 1) —4scos2w

_cosw—4 cos® w + 3cosw
2(s+1) — 2scos2w

_ 2s5cosw (1 — cos*w)
s(1—-cos2w) +1

En sade sekli denklem G.7 ‘de gosterildigi gibidir.

~ cosw sinw cosw
E[p] = — =
siffw+1/2s 4 1

2s sin‘w

p’nin bias’1 denklem G.8’de gosterildigi gibi bulunur:

Cosw

bias(p) = E[p] — p = T~ Cosw

2s sinw
cosw
_ 2s sinfw  _ _ cosw
14 1 1+ 2s sin?w
2ssinw
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Isleme denklem G.9 ‘da gosterildigi gibi A? ‘yi bularak baslanirsa;

2
AZ = (xle - XOX3 + XZX3 - X1X4_) (Gg)
== x12x22 + X02X32 + X22X32 + X12X4_2 - Zxoxlexg + 2x22x1X3 - 2X12x2X4

—2x32XgX, + 2XgX1X3Xy — 2X1XpX3X4
A?’nin beklenen degeri denklem G.10 ‘da gosterildigi gibi bulunur:
E[AZ] = E[xlzxzz] + E[x02x32] + E[xZZX32] + E[X12X42] - 2E[x0x1x2x3] (GlO)

+2E[x22x1X3] - 2E[x12x2x4] - ZE[X32x0x2] + 2E[x0x1X3x4]

—2E[x1x5x3%4]

o 2 4 2 2 4 2 2 4 2
=T[4(S+1) +5°z, +4(s+1)* + 5%z + 4(s + 1)* + 5%z,
+4(s + 1)?s%z]
0'4 2 0'4 2 0'4 2
—2:5 (Z4+ZZ+2)+ZTS 2+Zs(s+1)22—275 Zy

4 4
+2s(s+ 1)z, + 2%52(26 +2z,+2)— 2%52(24 + 2z, + 2)

A?’nin beklenen degeri denklem G.1 ‘de gosterildigi gibi diizenlenirse;

4
o
E[A?] 27[8(54-1)2+SZZZ+SZZ6—SZ(Z4+ZZ+2—Z6—ZZ—2+Z4+Z2+2)
+ 522 —2z4—24) + 25(s + 1)(2, — 2, — 2,)] (G.11D)

4
o
- [8(s + 1)2 + 52z, + 5225 — $2(2 + 2, + 224 — z¢) + 25%(1 — z,)

—2s(s + 1)z,]
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4
o
- [8(s + 1)? — 252 + 252 + 52 — 52 — 25(s + 1))z, — (25% + 252)z,

+(s% 4+ 52)z6]
0.4-
== [85% + 165 + 8 — 25(s + 1)z, — 452 (24 + 25%2¢]

A?’nin beklenen degerinin karesi denklem G.12 ‘de elde edilmistir.

(E[ADZ = 0452(21 - Z3)2 = 0452(212 — 22375 + Z32)

(G.12)

0*s?[(zy + 2) — 2(2z4 + 2,) + (25 + 2)]
0-4
= 7252(4 — 2y — 22,4 + Zg)

A’nin varyansit denklem G.13 genel formiili ile bulunur. Bu formiilde diger
buldugumuz sayisal degerleri yerine yazar isek ,

var(A) = E[A%] — (E[A])? (G.13)

ot
2

[8s% + 16s + 8 — 852 — (252 + 25 — 25%)z, — (4% — 45%)z,

+(2s% — 25%)z4]
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var(4) = - (16s +8 — 2s2,, (G.14)
=0*(8s +4—s2;)

B?’nin sayisal degeri denklem G.15°de gosterilmistir.

B% = 16(x,% — x1%3)?% = 16(xy* + x1%x3% — 2x,%x,x3) (G.15)

B?’nin beklenen degeri denklem G.16 ile bulunur:

E[B?] = 16(E[x,*] + E[x,%x3%] — 2E[x,%x,x3]) (G.16)
=162 (s2 + 45 +2) + T [4(s + 1)? +5%2,] — 22 [s?2 + 25(s + D]}

=16 Z-[6(s? + 45 +2) + 4(s + 1)? — 452 + 4s(s + 1)z, + s72,]
= 40*[65% + 325 + 16 — 4s5(s + 1)z, + s%z,]
(E[B])? denklem G.17 ile elde edilir:
(E[B])? = 0*[4(s + 1) — 252,]? (G.17)
= 0*[16(s + 1)% + 45%(z, + 2) — 165(s + 1)z,]

= 0*[16(s + 1)? + 852 — 165(s + 1)z, + 452%2,]
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= 0*[24s? + 325 + 16 — 165(s + 1)z, + 45%2,4]
= 40*[6s% 4+ 8s + 4 — 4s(s + 1)z, + 5%2,]

B‘nin varyansi denklem G.18’de gosterildigi gibi buldugumuz sayisal degerlerin yerine
yerlestirilmesiyle bulunur:

var(B) = E[B?] — (E[B])? (G.18)

= 40%(6s% +32s + 16 —4s(s + 1)z, + s?z, — 65> —8— 4

+4s(s + 1)z, — 5%z,
= 40*(24s + 12) = 480*(2s + 1)
AB denklem G.19 ‘da gosterildigi gibi bulunur:
AB = 4(x1x; — XoX3 + X2X3 — X1%4) (%% — x1X3) (G.19)

4 (x23x1 — X12X5X3 — X%x0x3 + X32x0%; + X533 — x32x1x2)
_xZZX1X4 + X12X3X4

AB ‘nin beklenen degeri denklem G. 20°de ki gibi bulunur:
E[AB] = 4‘(E[x23x1] - E[xlzxe3] - E[x22x0x3] + E[x32x0x1] (GZO)

= E[x,3x3] — E[x3%x1%5] — E[x2%%x1%,] + E[x1%x3%,])

74



4 4
= 4{3% s(s+2)z; — UT [s2z3 + 2s(s + 1)z,]

4 4
—% [s2z; + 2s(s + D)z5] + JT [s2z5 + 2s(s + 1)z,]
4 4 4

30 o o
+TS(S +2)z, — T [s%2z3 + 2s(s + 1)z;] — T [s%2z; + 25(s + 1)z3

0.4
T [s%z5 + 2s(s + 1)z,

= o*[6s(s+2)z; —s*(z3+ 2z, — 25 + 23 + 2, — Zs5)
—2s(s+1)(zy+ 23— 21+ 2, + 23 — 2, )]

= 0*[6s(s + 2)z; — 25%(2y + 23 — z5) — 4s(s + 1)z3]
E[AB] = 0*[(4s% + 125)z; — (65% + 45)z5 + 25%zs] (G.21)

A’nin beklenen degeri ve B’nin beklenen degerinin ¢arpimi denklem G.22’de ki
gosterildigi gibidir:

E[A]E[B] = 0*s(zy — z3)[4(s + 1) — 252,] (G.22)
= o0*s[4(s + 1)z; — 25(23 + z1) — 4(s + 1)z5 + 25(z5 + 71)]
=0%s[(4s +4 — 25+ 25)z; — (25 + 4s + 4)z5 + 252:]

= o*s[4(s + 1)z; — 2(3s + 2)z3 + 252z5]
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A ve B ‘nin kovaryansi denklem G.23 “de ki gibi bulunur:

cov(4, B) = E[AB] — E[A]E[B]

= 0*[(4s% 4 125 — 4s? — 45)z; — (65* + 4s — 65* — 49) 23

+(2s% — 25%)z5]
= 0*8sz,

(p)’nin varyansi denklem G.24 ‘de gosterilmistir.
~ ap\? ap\? dp dp
var(p) = (ﬁ) var(A) + (ﬁ) var(B) + 2££COU(A,B)

= (%)2 var (4) + (— %)2 var (B) + 2 (%) (— %) cov(4,B)

B?var(A) + A?>var(B) — 2ABcov(4, B)
B4

|4 = E[A]

|B = E[B]

(E[B])?var(A) = 408[2(s + 1) — 52,]*[4(25 + 1) — 52;]

(G.23)

(G.24)

(G.25)

=408[4(s + 1)2 + 5%(z4 + 2) — 4s(s + 1)2,][4(2s + 1) — s2,]

= 408 [
—2s3z, — s3z¢ — 53z,
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—16s(s + 1)(2s + 1)z, + 4s52(s + 1) (24 + 2)]

= 408{[16(s + 1)?(2s + 1) + 8s%2(2s + 1) + 8s%(s + 1)]

—[4s(s + 1)? + 3s3 + 16s(s + 1)(2s + 1)]z,

+[452(2s + 1) + 4s2(s + 1))z, — 5324}

16(s+1)?(2s +1) +8s?(2s + 1) +8s%(s + 1)

=16(s?>+2s+1)(2s + 1) + 1653 + 852 + 853 + 852

= 3253 4+ 1652 + 645% + 325 + 325 + 16 + 2453 + 1652

= 5653 + 9652 + 64s + 16 = 8(7s3 + 12s% + 85 + 2)

4s(s+1)>+3s3+16s(s+1)(2s+ 1)

=4s(s?+2s+1)+3s3+ 16525 +3s+ 1)

= 453 + 85% 4+ 45 + 353 4+ 3253 + 485% 4 165

= 39s3 + 5652 + 20s

A4s2(2s+1) + 4s%(s + 1) = 853 + 452 + 453 + 452

= 12s3 + 852

(E[B])?var(A) denklem G.26 ‘da gosterilmistir.

(E[B])?*var(A) = 408[(56 s3 + 9652 + 64s + 16) — (3953 + 5652 + 20s)z, (G.26)

+(12s3 + 852)z, — 5324]
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(E[A])?var(B) denklem G.27‘de gosterildigi gibidir.

(E[AD?var(B) = 0*s?%(z; — z3)%480*(2s + 1) (G.27)

= 48085%2(2s + D[(z, + 2) + (zg + 2) — 2(z, — 2,)]

= 480852(2s + 1)(4 — z, — 224 + 24)

= 4808[4s%(2s + 1) — s?(2s + 1)z, — 252(25 + 1)z,

+52(2s + 1)z4]

= 4808[(8s3 + 452) — (253 + 52)z, — (453 + 25%)z, + (253 + 5%) 2]

—2E[A]E[B]cov(A, B) denklem G.28’de ki gibi bulunur.

—2E[A]E[B]cov(A,B) = —20%s(z; — z3)20%[2(s + 1) — 52,]80%*sz, (G.28)

= —32085%2,(zy — z3)[2(s + 1) — 52,

= —32085%[(z, + 2) — (24 + 2,)][2(s + 1) — s2,]

= —320%5%(2 = z3)[2(s + 1) = 52,]

= —3208s%[4(s + 1) — 252, — 2(s + 1) zy + 5(2 + 7,)]
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= —320852[(4s + 4) — sz, — (25 + 2)z4 + s2¢]

= —320%[(4s3 + 452) — 532z, — (253 + 25%)z, + s32¢]

Denklem G.29,G.30 ‘da gosterildigi gibi pay ve paydayi ayri ayri siniflandirirsak:

PAY = 408[(5653 + 9652 + 645 + 16 + 9653 + 48s% — 3253 — 3252) (G.29)
+(—39s3 — 5652 — 20s — 2453 — 1252 + 85%)z,
+(12s3 + 85% — 4853 — 245% + 1653 + 1652)z2,

+(—s3 + 2453 + 125% — 85%)z4]

= 408[(120s3 + 11252 + 645 + 16)

— (5553 + 68s% + 20s)z, — 2053z, + (1553 + 1252)z4]

PAYDA = (E[B])* = 1608[2(s + 1) — sz,]* (G.30)

p nin varyansi denklem G.31 ‘de gosterildigi gibi Pay/Payda cinsinden yazilirsa ;

PAY [3053+2852+16s+4»(—%s3+17s2 +Ss)zz—553z4+(17553+352)26
PAYDA [2(s+1)—sz,]*

var(p) = (G.31)

2(s+1) —5sz, =25+ 2 — 2scosw = 2 + 2s(1 — cos2w)

= 2+ 4s sin*w = 2(1 + 2s sin*w)
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Denklemi diizenlersek,

3053428524165, 2 —(E 3+£sz+—s)20052w—is Zcos4w+(—s +—s )2c056w
) = e 160 116 64 16 (G 32)

var(p
('D (1+2ssin?w)*

15 5 7 1 (55 5 15 3
——s3+zsz+s+z ( 52 +—s+ )scosZw—§s3cos4w+(§s+§)szcos6w

- (142ssin?w)*

_ [(155%+14s%+85+2)— ( s +17s+5)sc052a) 5s cos4a)+( s+3)52cos6w]

- 8(1+2ssin2w)*

15 — %cosZw — 5cosdw + 1745cos6a)

s = o iken var(§) »= 8(Zsinta)'s (G.33)
15— % cos2w — 5cosdw + 1745 cosbw
B 128ssin8w
Diizenlenmis hali ile p’nin varyans degeri denklem G.34 ‘de gosterilmistir.
60 — 55c0s2w — 20cos4w + 15cos6w (G.34)

var(p) - 512ssin8w

_ 5(4 + 3cos2w)
~ 32ssintw
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